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Preface

This book addresses the engineering student and practising engineer. It
takes an engineering-oriented look at semiconductors. Semiconductors
are at the focal point of vast number of technologists, resulting in great
engineering, amazing products and unheard-of capital growth. The work
horse here is of course silicon. Explaining how semiconductors like sili-
con behave, and how they can be manipulated to make microchips that
work—this is the goal of our book.

We believe that semiconductors can be explained consistently without
resorting 100% to the complex language of the solid state physicist. Our
approach is more like that of the systems engineer. We see the semicon-
ductor as a set of well-defined subsystems. In an approximately top-down
manner, we add the necessary detail (but no more) to get to grips with
each subsystem: The physical crystal lattice, and charge carriers in lattice
like potentials. This elemental world is dominated by statistics, making
strange observations understandable: This is the glue we need to put the
systems together and the topic of a further chapter. Next we show the the-
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ory needed to predict the behavior of devices made in silicon or other
semiconducting materials, the building blocks of modern electronics.
Our book wraps up the tour with a practical engineering note: We look at
how the various sub-systems interact to produce the observable behavior
of the semiconductor. To enrich the subject matter, we tie up the theory
with concise boxed topics interspersed in the text.

There are many people to thank for their contributions, and for their help
or support. To the Albert Ludwig University for creating a healthy
research environment, and for granting one of us (Korvink) sabbatical
leave. To Ritsumeikan University in Kusatsu, Japan, and especially to
Prof. Dr. Osamu Tabata, who hosted one of us (Korvink) while on sabbat-
ical and where one chapter of the book was written. To the ETH Zurich
and especially to Prof. Dr. Henry Baltes, who hosted one of us (Korvink)
while on sabbatical and where the book project was wrapped up. To Prof.
Dr. Evgenii Rudnyi, Mr. Takamitsu Kakinaga, Ms. Nicole Kerness and
Mr. Sadik  for carefully reading through the text and finding
many errors. To the anonymous reviewers for their invaluable input. To
Ms. Anne Rottler for inimitable administrative support. To VCH-Wiley
for their deadline tolerance, and especially to Dr. Jörn Ritterbusch and his
team for support. To Micheline and Cristina for enduring our distracted
glares at home as we fought the clock (the calendar) to finish, and for
believing in us.

Jan G. Korvink and Andreas Greiner,
Freiburg im Breisgau,
February 2002

Hafizovic
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Chapter 1 Introduction

Semiconductors have complex properties, and in the early years of the
twentieth century these were mainly discovered by physicists. Many of
these properties have been harnessed, and have been exploited in inge-
nious microelectronic devices. Over the years the devices have been ren-
dered manufacturable by engineers and technologists, and have spawned
off both a multi-billion € (or $, or ¥) international industry and a variety
of other industrial mini-revolutions including software, embedded sys-
tems, the internet and mobile communications. Semiconductors still lie at
the heart of this revolution, and silicon has remained its champion, ward-
ing off the competitors by its sheer abundance, suitability for manufac-
turing, and of course its tremendous head-start in the field. Silicon is the
working material of an exciting, competitive world, presenting a seem-
ingly endless potential for opportunities.

Chapter Goal The goal of this chapter is to introduce the reader to the field of semicon-
ductors, and to the purpose and organization of the book.
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Chapter 
Roadmap

In this chapter we first explain the conceptual framework of the book.
Next, we provide some popular definitions that are in use in the field.
Lastly, we indicate some of the sources of information on new inven-
tions.

1.1 The System Concept

This book is about semiconductors. More precisely, it is about semicon-
ductor properties and how to understand them in order to be exploited for
the design and fabrication of a large variety of microsystems. Therefore,
this book is a great deal about silicon as a paradigm for semiconductors.
This of course implies that it is also about other semiconductor systems,
namely for those cases where silicon fails to show the desired effects due
to a lack of the necessary properties or structure. Nevertheless, we will
not venture far away from the paradigmatic material silicon, with its
overwhelming advantage for a wide field of applications with low costs
for fabrication. To quote the Baltes theorem [1.1]:

To prove your idea, put in on silicon.
Since you will need circuitry, make it with CMOS.
If you want to make it useful, get it packaged.

The more expensive fabrication becomes, the less attractive the material
is for the design engineer. Designers must always keep in mind the cost
and resources in energy and personnel that it takes to handle materials
that need additional nonstandard technological treatment. This is not to
say that semiconductors other than silicon are unimportant, and there are
many beautiful applications. But most of today’s engineers encounter sil-
icon CMOS as a process with which to realize their ideas for microscopic
systems. Therefore, most of the emphasis of this book lies in the explana-
tion of the properties and behavior of silicon, or better said, “the semi-
conductor system silicon”.
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A semiconductor can be viewed as consisting of many subsystems. For
one, there are the individual atoms, combining to form a chunk of crys-
talline material, and thereby changing their behavior from individual sys-
tems to a composite system. The atomic length scale is still smaller than
typical length scales that a designer will encounter, despite the fact that
sub-nanometer features may be accessible through modern experimental
techniques. The subsystems that this book discusses emerge when silicon
atoms are assembled into a crystal with unique character. We mainly dis-
cuss three systems:

• the particles of quantized atom vibration, or phonons;

• the particles of quantized electromagnetic radiation, or photons;

• the particles of quantized charge, or electrons.

There are many more, and the curious reader is encouraged to move on to
other books, where they are treated more formally. The important feature
of these subsystems is that they interact. Each interaction yields effects
useful to the design engineer.

Why do we emphasize the system concept this much? This has a lot to do
with scale considerations. In studying nature, we always encounter scales
of different order and in different domains. There are length scales that
play a significant role. Below the nanometer range we observe single
crystal layers and might even resolve single atoms. Thus we become
aware that the crystal is made of discrete constituents. Nevertheless, on a
micrometer scale—which corresponds to several thousands of mona-
tomic layers—the crystal appears to be a continuous medium. This
means that at certain length scales a homogenous isotropic continuum
description is sufficient. Modern down-sizing trends might force us to
take at least anisotropy into account, which is due to crystal symmetry, if
not the detailed structure of the crystal lattice including single defects.
Nanotechnology changes all of this. Here we are finally designing at the
atomic length scale, a dream that inspired the early twentieth century.
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Almost everything becomes quantized, from thermal and electrical resis-
tance to interactions such as the Hall effect.

Time scale considerations are at least as important as length scales. They
are governed by the major processes that take place within the materials.
The shortest technological time scales are found in electron-electron
scattering processes and are on the order of a few femtoseconds, fol-
lowed by the interaction process of lattice vibrations and electronic sys-
tems with a duration of between a few hundreds of femtoseconds to a
picosecond. Direct optical transitions from the conduction band to the
valence band lie in the range of a few nanoseconds to a few microsec-
onds. For applications in the MHz (106 Hz) and GHz (109 Hz) regime the
details of the electron-electron scattering process are of minor interest
and most scattering events may be considered to be instantaneous. For
some quantum mechanical effects the temporal resolution of scattering is
crucial, for example the intra-collisional field effect.

The same considerations hold for the energy scale. Acoustic electron
scattering may be considered elastic, that is to say, it doesn’t consume
energy. This is true only if the system’s resolution lies well above the few
meV of any scattering process. At room temperature (  K) this is a
good approximation, because the thermal energy is of the order of 
meV. The level of the thermal energy implies a natural energy scale, at
which the band gap energy of silicon of about  eV is rather large. For
high energy radiation of several keV the band gap energy again is negli-
gible.

The above discussion points out the typical master property of a compos-
ite system: A system reveals a variety of behavior at different length
(time, energy, …) scales. This book therefore demands caution to be able
to account for the semiconductor as a system, and to explain its building
blocks and their interactions in the light of scale considerations.

300
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1.2 Popular Definitions and Acronyms
The microelectronic and microsystem world is replete with terminology
and acronyms. The number of terms grows at a tremendous pace, without
regard to aesthetics and grammar. Their use is ruled by expedience. Nev-
ertheless, a small number have survived remarkably long. We list only a
few of the most important, for those completely new to the field.

1.2.1 Semiconductors versus Conductors and Insulators
A semiconductor such as silicon provides the technologist with a very
special opportunity. In its pure state, it is almost electrically insulating.
Being in column IV of the periodic table, it is exceptionally balanced,
and comfortably allows one to replace the one or other atom of its crystal
with atoms from column III or V (which we will term P and N type dop-
ing). Doing so has a remarkable effect, for silicon then becomes conduc-
tive, and hence the name “semiconductor”. Three important features are
easily controlled. The density of “impurity” atoms can vary to give a tre-
mendously wide control over the conductivity (or resistance) of the bulk
material. Secondly, we can decide whether electrons, with negative
charge, or holes, with positive charge, are the dominant mechanism of
current flow, just by changing to an acceptor or donor atom, i.e., by
choosing P or N type doping. Finally, we can “place” the conductive
pockets in the upper surface of a silicon wafer, and with a suitable geom-
etry, create entire electronic circuits.

If silicon is exposed to a hot oxygen atmosphere, it forms amorphous sil-
icon dioxide, which is a very good insulator. This is useful to make
capacitor devices, with the  as the dielectric material, to form the
gate insulation for a transistor, and of course to protect the top surface of
a chip.

Silicon can also be grown as a doped amorphous film. In this state we
lose some of the special properties of semiconductors that we will
explore in this book. In the amorphous form we almost have metal-like

SiO2
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behavior, and indeed, semiconductor foundries offer both real metals
(aluminium, among others) and polysilicon as “metallic” layers.

1.2.2 The Diode Family
The simplest device that one can make using both P and N doping is the
diode. The diode is explained in Section 7.6.4. The diode is a one-way
valve with two electrical terminals, and allows current to flow through it
in only one direction. The diode provides opportunities for many applica-
tions. It is used to contact metal wires to silicon substrates as a Shottkey
diode. The diode can be made to emit light (LEDs). Diodes can detect
electromagnetic radiation as photo-detectors, and they form the basis of
semiconductor lasers. Not all of these effects are possible using silicon,
and why this is so is also explained later on.

1.2.3 The Transistor Family
This is the true fame of silicon, for it is possible to make this versatile
device in quantities unheard of elsewhere in the engineering world.
Imagine selling a product with more than  working parts! Through
CMOS (complimentary metal oxide semiconductor) it is possible to cre-
ate reliable transistors that require extraordinary little power (but remem-
ber that very little times  can easily amount to a lot). The trend in
miniaturization, a reduction in lateral dimensions, increase in operation
speed, and reduction in power consumption, is unparalleled in engineer-
ing history. Top that up with a parallel manufacturing step that does not
essentially depend on the number of working parts, and the stage is set
for the revolution that we have witnessed.

The transistor is useful as a switch inside the logic gates of digital chips
such as the memories, processors and communications chips of modern
computers. It is also an excellent amplifier, and hence found everywhere
where high quality analog circuitry is required. Other uses include mag-
netic sensing and chemical sensing.

109

109
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1.2.4 Passive Devices
In combination with other materials, engineers have managed to minia-
turize every possible discrete circuit component known, so that it is pos-
sible to create entire electronics using just one process: resistors,
capacitors, inductors and interconnect wires, to name the most obvious.

For electromagnetic radiation, waveguides, filters, interferometers and
more have been constructed, and for light and other forms of energy or
matter, an entirely new industry under the name of microsystems has
emerged, which we now briefly consider.

1.2.5 Microsystems: MEMS, MOEMS, NEMS, POEMS, etc.

In North America, the acronym MEMS is used to refer to micro-electro-
mechanical systems, and what is being implied are the devices at the
length scale of microelectronics that include some non-electrical signal,
and very often the devices feature mechanical moving parts and electro-
static actuation and detection mechanisms, and these mostly couple with
some underlying electrical circuitry. A highly successful CMOS MEMS,
produced by Infineon Technologies, is shown in Figure 1.1. The device,

Figure 1.1. MEMS device. a) Infi-
neon’s surface micromachined 
capacitive pressure sensor with 
interdigitated signal conditioning 
Type KP120 for automotive BAP 
and MAP applications. b) SEM 
photograph of the pressure sensor 
cells compared with a human hair. 
Image © Infineon Technologies, 
Munich [1.2].

a)

b)
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placed in a low-cost SMD package, is used in MAP and BAP tire pres-
sure applications. With an annual production running to several millions,
it is currently sold to leading automotive customers [1.2].

MEMS has to date spawned off two further terms that are of relevance to
us, namely MOEMS, for micro-opto-electro-mechanical systems, and
NEMS, for the inevitable nano-electro-mechanical systems.

MOEMS can include entire miniaturized optical benches, but perhaps the
most familiar example is the digital light modulator chip sold by Texas
Instruments, and used in projection display devices, see Figure 1.2.

As for NEMS, the acronym of course refers to the fact that a critical
dimension is now no longer the large micrometer, but has become a fac-
tor 1000 smaller. The atomic force microscope cantilever [1.4] may
appear to be a MEMS-like device, but since it resolves at the atomic
diameter scale, it is a clear case of NEMS, see Figure 1.3. Another exam-
ple is the distributed mirror cavity of solid-state lasers made by careful
epitaxial growth of many different semiconductor layers, each layer a
few nanometers thick. Of major commercial importance is the sub-
micron microchip electronic device technology. Here the lateral size of a
transistor gate is the key size, which we know has dropped to below 100

Figure 1.2. MOEMS device. 
This  by  device is 
a single pixel on a chip that has as 
many pixels as a modern computer 
screen display. Each mirror is 
individually addressable, and 
deflects light from a source to a 
systems of lenses that project the 
pixel onto a screen. Illustration © 
Texas Instruments Corp., Dallas 
[1.3].

30 µm 30 µm



Popular Definitions and Acronyms

Semiconductors for Micro and Nanosystem Technology 23

nm in university and industrial research laboratories. Among NEMS we
count the quantum wire and the quantum dot, which have not yet made it
to the technological-commercial arena, and of course any purposefully-
designed and functional molecular monolayer film.

POEMS, or polymer MEMS, are microstructures made of polymer mate-
rials, i.e., they completely depart from the traditional semiconductor-
based devices. POEMS are usually made by stereo micro-lithography
through a photo-polymerization process, by embossing a polymer sub-
strate, by milling and turning, and by injection moulding. This class of
devices will become increasingly important because of their potentially
low manufacturing cost, and the large base of materials available.

In Japan, it is typical to refer to the whole field of microsystems as
Micromachines, and manufacturing technology as Micromachining. In
Europe, the terms Microsystems, Microtechnology or Microsystem
Technology have taken root, with the addition of Nanosystems and the
inevitable Nanosystem Technology following closely. The European
naming convention is popular since it is easily translated into any of a
large number of languages (German: Mikrosystemtechnik, French:
Microtechnique, Italian: tecnologia dei microsistemi, etc.).

Figure 1.3. NEMS devices.
Depicted are two tips of an atomic 
force microscope, made in CMOS, 
and used to visualize the force 
field surrounding individual 
atoms. Illustration © Physical 
Electronics Laboratory, ETH Zur-
ich, Switzerland [1.4].
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1.3 Sources of Information

We encourage every student to regularly consult the published literature,
and in particular the following journals:

IOP • Journal of Micromechanics and Microengineering

• Journal of Nanotechnology

IEEE • Journal of Microelectromechanical Systems

• Journal of Electron Devices

• Journal of Sensors

• Journal of Nanosystems

Other • Wiley-VCH Sensors Update, a journal of review articles

• MYU Journal of Sensors and Materials

• Elsevier Journal of Sensors and Actuators

• Springer Verlag Journal of Microsystem Technology

• Physical Review

• Journal of Applied Physics

Of course there are more sources than the list above, but it is truly impos-
sible to list everything relevant. Additional sources on the world-wide-
web are blossoming (see e.g. [1.5]), as well as the emergence of standard
texts on technology, applications and theory. A starting point is best taken
from the lists of chapter references. Two useful textbook references are
Sze’s book on the physics of semiconductor devices [1.6] and Middel-
hoek’s book on silicon sensors [1.7].

1.4 Summary for Chapter 1
Silicon is a very important technological material, and understanding its
behavior is a key to participating in the largest industry ever created. To
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understand the workings of the semiconductor silicon, it helps to
approach it as a system of interacting subsystems.

The subsystems comprise the crystal lattice and its quantized vibra-
tions—the phonons, electromagnetic radiation and its quantized form—
the photons, and the loosely bound quantized charges—the electrons.
The interactions between these systems is a good model with which to
understand most of the technologically useful behavior of silicon. To
understand the ensuing topics, we require a background in particle statis-
tics. To render the ideas useful for exploitation in devices such as diodes,
transistors, sensors and actuators, we require an understanding of particle
transport modelling.

These topics are now considered in more detail in the six remaining
chapters of the book.

1.5 References for Chapter 1
1.1 Prof. Dr. Henry Baltes, Private communication
1.2 Prof. Dr. Christofer Hierold, Private communication.
1.3 See e.g. http://www.dlp.com
1.4 D. Lange, T. Akiyama, C. Hagleitner, A. Tonin, H. R. Hidber, P. 

Niedermann, U. Staufer, N. F. de Rooij, O. Brand, and H. Baltes, 
Parallel Scanning AFM with On-Chip Circuitry in CMOS Technol-
ogy, Proc. IEEE MEMS, Orlando, Florida (1999) 447-452

1.5 See e.g. http://www.memsnet.org/
1.6 S. M. Sze, Physics of Semiconductor Devices, 2nd Ed., John Wiley 

and Sons, New York (1981)
1.7 Simon Middelhoek and S. A. Audet, Silicon Sensors, Academic 

Press, London (1989)
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Chapter 2 The Crystal 
Lattice System

In this chapter we start our study of the semiconductor system with the
crystals of silicon , adding some detail on crystalline silicon dioxide

 and to a lesser extent on gallium arsenide . All three are
regular lattice-arrangements of atoms or atoms. For the semiconductors
silicon and gallium arsenide, we will consider a model that completely
de-couple the behavior of the atoms from the valence electrons, assuming
that electronic dynamics can be considered as a perturbation to the lattice
dynamics, a topic dealt with in Chapter 3. For all the electrons of the
ionic crystal silicon dioxide, as well as the bound electrons of the semi-
conductors, we here assume that they obediently follow the motion of the
atoms.

We will see that by applying the methods of classical, statistical and
quantum mechanics to the lattice, we are able to predict a number of
observable constitutive phenomena of interest—i.e., we are able to
explain macroscopic measurements in terms of microscopic crystal lat-
tice mechanics. The effects include an approximation for the elastic coef-

Si( )

SiO2( ) GaAs( )
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ficients of continuum theory, acoustic dispersion, specific heat, thermal
expansion and heat conduction. In fact, going beyond our current goals, it
is possible to similarly treat dielectric, piezoelectric and elastooptic
effects. However, the predictions are of a qualitative nature in the major-
ity of cases, mainly because the interatomic potential of covalently
bonded atoms is so hard to come by. In fact, in a sense the potential is
reverse engineered, that is, using measurements of the crystal, we fit
parameters that improve the quality of the models to make them in a
sense “predictive”.

Chapter Goal Our goal for this chapter is to explain the observed crystal data with pref-
erably a single comprehensive model that accounts for all effects.

Chapter 
Roadmap

Our road map is thus as follows. We start by stating some of the relevant
observable data for the three materials ,  and , without
more than a cursory explanation of the phenomena.

Our next step is to get to grips with the concept of a crystal lattice and
crystal structure. Beyond this point, we are able to consider the forces
that hold together the static crystal. This gives us a method to describe
the way the crystal responds, with stress, to a strain caused by stretching
the lattice. Then we progress to vibrating crystal atoms, progressively
refining our method to add detail and show that phonons, or quantized
acoustic pseudo “particles”, are the natural result of a dynamic crystal
lattice.

Considering the phonons in the lattice then leads us to a description of
heat capacity. Moving away from basic assumptions, we consider the
anharmonic crystal and find a way to describe the thermal expansion. The
section following presents a cursory look at what happens when the regu-
lar crystal lattice is locally deformed through the introduction of foreign
atoms. Finally, we leave the infinitely-extended crystal model and briefly
consider the crystal surface. This is important, because most microsys-
tem devices are build on top of semiconductor wafers, and so are repeat-

Si SiO2 GaAs
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edly subject to the special features and limitations that the surface
introduces.

2.1 Observed Lattice Property Data

Geometric 
Structure

The geometric structure of a regular crystal lattice is determined using x-
ray crystallography techniques, by recording the diffraction patterns of x-
ray photons that have passed through the crystal. From such a recorded
pattern (see Figure 2.1 (a)), we are able to determine the reflection planes
formed by the constituent atoms and so reconstruct the relative positions
of the atoms. This data is needed to proceed with a geometric (or, strictly
speaking, group-theoretic) characterization of the crystal lattice’s sym-
metry properties. We may also use an atomic force microscope (AFM) to
map out the force field that is exerted by the constituent atoms on the sur-
face of a crystal. From such contour plots we can reconstruct the crystal
structure and determine the lattice constants. We must be careful, though,
because we may observe special surface configurations in stead of the
actual bulk crystal structure, see Figure 2.1 (b).

Elastic 
Properties

The relationship between stress and strain in the linear region is via the
elastic property tensor, as we shall shortly derive in Section 2.3.1. To
measure the elastic parameters that form the entries of the elastic prop-
erty tensor, it is necessary to form special test samples of exact geometric
shape that, upon mechanical loading, expose the relation between stress
and strain in such a way that the elastic coefficients can be deduced from
the measurement. The correct choice of geometry relies on the knowl-
edge of the crystal’s structure, and hence its symmetries, as we shall see
in Section 2.2.1. The most common way to extract the mechanical prop-
erties of crystalline materials is to measure the direction-dependent
velocity of sound inside the crystal, and by diffracting x-rays through the
crystal (for example by using a synchrotron radiation source).
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Dispersion 
Curves

Dispersion curves are usually measured by scattering a neutron beam (or
x-rays) in the crystal and measuring the direction-dependent energy lost
or gained by the neutrons. The absorption or loss of energy to the crystal
is in the form of phonons.

Thermal 
Expansion

Thermal expansion measurements proceed as for the stress-strain mea-
surement described above. A thermal strain is produced by heating the
sample to a uniform temperature. Armed with the knowledge of the elas-
tic parameters, the influence of the thermal strain on the velocity of
sound may then be determined.

The material data presented in the following sections and in Table 2.1
was collected from references [2.5, 2.6]. Both have very complete tables
of measured material data, together with reference to the publications
where the data was found.

Figure 2.1. (a) The structure of a silicon crystal as mapped out by x-ray crystallography 
in a Laue diagram. (b) The famous -reconstructed surface of silicon as 
mapped out by an atomic force microscope. The bright dots are the Adatoms that screen 
the underlying lattice. Also see Figure 2.30.

(a) (b)

111〈 〉 7 7×
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Table 2.1. Lattice properties of the most important microsystem base materialsa.

Property

Crystalline 
Silicon LPCVD

Poly-Si
Thermal 
Oxide -Quartz

Process 
Gallium 
Arsenide 

Atomic Weight Si: Si: . Si: 

O: 

Si: 

O: 

Si: 

N: 

Ga: 
As: 

Crystal class/
Symmetry

Carbon-like, 
Cubic 
symmetry

Poly-
crystalline

Amorphous Trigonal 
symmetry

Amorphous Zinc-blende
Cubic 
symmetry

Density ( ) < 

Elastic moduli 
( )
Y: Young modulus
B: Bi-axial modulus
S: Shear modulus

: Tensor 
coefficients.

Pure:
: 

: 

: 

p-Type:
: 

: 

: 

n-Type:
: 

: 

: 

Y: 
S: 

Y: Y: Y: 
B:  - 

Pure:
: 

: 

: 

Si SiO2 α Si3N4 GaAs

28.0855 28.0855 28.0855

15.994

28.0855

15.994

28.0855

14.0067

69.72

74.9216

kg m3
⁄ 2330 2330 2200 2650 3100 5320

Gpa

Ci

C11 166

C12 63.9

C44 79.6

C11 80.5

C12 115

C44 52.8

C11 97.1

C12 54.8

C44 172

130 174–
69

72 75– 87 97 320–
249 311 C11 118.1

C12 53.2

C44 59.4
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Hardness ( ) : 
;

: 

- -

Lattice parameter
( ) X, C: axes

, 
polycrystal

Amorphous Amorphous

Melting point ( ) . - -

Poisson ratio : 
: 

 - 

Specific heat
 (

Thermal 
conductivity 
( )

 -  ( )

Thermal expansion 
coefficient

 ( )

 - XY cut 
Z cut 

a. The tabulated values for amorphous process materials are foundry-dependent and are provided only as an indica-
tion of typical values. Also, many of the measurements on crystalline materials are for doped samples and 
hence should be used with care. Properties depend on the state of the material, and a common choice is to 
describe them based on the temperature and the pressure during the measurements. For technological work, we 
require the properties under operating conditions, i.e., at room temperature and at 1 atmosphere of pressure.

Table 2.1. Lattice properties of the most important microsystem base materialsa.

Property

Crystalline 
Silicon LPCVD

Poly-Si
Thermal 
Oxide -Quartz

Process 
Gallium 
Arsenide 

Si SiO2 α Si3N4 GaAs

Gpa 100〈 〉

5.1 13–

111〈 〉 11.7

10.5 12.5– 14.4 18– 8.2

5.43 5.43 Xi 4.9127

C 5.4046

5.65

°C 1412 1412 1705 1902

ν̃ 100〈 〉 0.28

111〈 〉 0.36

0.2 0.3– 0.17 0.22 0.169 0.26 0.31

C p J kgK⁄

702.24 702.24 740 740 750 350

W mK⁄

150 150 1.1 1.5 1.4 18 46 12

α T 1–

2.33
6–

×10 2.33
6–

×10 0.4
6–

×10

0.55
6–

×10

14.3

7.8
2.7

6–
×10 6.86

6–
×10
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2.1.1 Silicon
A semiconductor quality Silicon ingot is a gray, glassy, face-centered
crystal. The element is found in column IV of the periodic table. It has
the same crystal structure as diamond, as illustrated in Figure 2.2. Silicon

has a temperature dependent coefficient of thermal expansion in 
described by

Figure 2.2. The diamond-like structure of the Silicon crystal is caused by the tetrahedral 
arrangement of the four  bond-forming orbitals of the silicon atom, symbolically 
shown (a) as stippled lines connecting the ball-like atomic nuclei in this tetrahedral 
repeating unit. (b) When the atoms combine to form a crystal, we observe a structure that 
may be viewed as a set of two nested cubic lattices, or (c) a single face-centered cubic lat-
tice with a basis. (d) The structure of the  hybrid bonds. (e) The fcc unit cell can also 
be viewed as four tetrahedra.

(a) (b)

(c) (d) (e)

sp3

sp3

K 1–
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(2.1)

and a lattice parameter (the interatomic distance in ) that varies with
temperature as

(2.2)

We will later take a more detailed look at the thermal strain 
. Both  and  are plotted in Figure 2.3. Both of

these properties are also dependent on the pressure experienced by the
material, hence we should write  and . It is important to
note that “technological” silicon is doped with foreign atoms, and will in
general have material properties that differ from the values quoted in
Table 2.1, but see [2.6] and the references therein. Silicon’s phonon dis-
persion diagram is shown in Figure 2.4.

α T( )

3.725 1 5.88 3–×10– T 124–( )( )exp–( ) 5.548 4–×10 T+( ) 6–×10=

a T( )

5.4304 1.8138 5–×10 T 298.15–( ) 1.542 9–×10 T 298.15–( )2+ +=

ε T T 0–( ) =
α T( ) T T 0–( ) α T( ) a T( )

Figure 2.3. The thermal expansion properties of Silicon. Shown on the left is the tempera-
ture dependence of the lattice parameter (the size of a unit cell), and to its right is the 
temperature dependence of the thermal expansion coefficient. The typical engineering 
temperature range for silicon electronic devices is indicated by the background gray 
boxes. 

4 6–×10
5.440

Temperature in KTemperature in K

800400

12006000

5.438

5.436

5.434
0

2 6–×10

α T p,( ) a T p,( )
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Silicon is the carrier material for most of today’s electronic chips and
microsystem (or microelectromechanical system (MEMS), or microma-
chine) devices. The ingot is sliced into wafers, typically  mm thick
and  to  mm in diameter. Most electronic devices are manufac-
tured in the first m of the wafer surface. MEMS devices can extend
all the way through the wafer. Cleanroom processing will introduce for-
eign dopant atoms into the silicon so as to render it more conducting.
Other processes include subtractive etching steps, additive deposition
steps and modifications such as oxidation of the upper layer of silicon.
Apart from certain carefully chosen metal conductors, the most common
materials used in conjunction with silicon are oven-grown or deposited
thermal silicon oxides and nitrides (see the following sections), as well as
poly-crystalline silicon.

Figure 2.4. The measured and computed dispersion diagrams of crystalline silicon. The 
vertical axis represents the phonon frequency, the horizontal axis represents straight-line 
segments in k-space between the main symmetry points of the Brillouin zone, which is 
shown as an insert. Figure adapted from [2.5].
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IC process quality LPCVD poly-crystalline silicon (Poly-Si) has proper-
ties that depend strongly on the foundry of origin. It is assumed to be iso-
tropic in the plane of the wafer, and is mainly used as a thin film thermal
and electrical conductor for electronic applications, and as a structural
and electrode material for MEMS devices.

2.1.2 Silicon Dioxide
Crystalline silicon dioxide is better known as fused quartz. It is unusual
to obtain quartz from a silicon-based process, say CMOS, because the
production of crystalline quartz usually requires very high temperatures
that would otherwise destroy the carefully produced doping profiles in
the silicon. Semiconductor-related silicon dioxide is therefore typically
amorphous.

Since quartz has a non-cubic crystal structure, and therefore displays use-
ful properties that are not found in high-symmetry cubic systems such as
silicon, yet are of importance to microsystems, we also include it in our
discussion. We consider -quartz, one of the variants of quartz that isα

Figure 2.5. Three perspective views of the trigonal unit cell of -Quartz. From left to 
right the views are towards the origin along the ,  and the  axes. The six large 
spheres each with two bonds represent oxygen atoms, the three smaller spheres each with 
four tetrahedral bonds represent silicon atoms.

α
X1 X2 C
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stable below , with trigonal crystal symmetry. The unit cell of the
quartz crystal is formed by two axes, called  and , at 60° to each
other, see Figure 2.5. Quartz is non-centro-symmetric and hence piezo-
electric. It also has a handedness as shown in Figure 2.6.

2.1.3 Silicon Nitride

Crystalline silicon nitride (correctly known as tri-silicon tetra-nitride) is
not found on silicon IC wafers because, as for silicon dioxide, very high
temperatures are required to form the pure crystalline state, see
Figure 2.7. These temperature are not compatible with silicon foundry
processing. In fact, on silicon wafers, silicon nitride is usually found as
an amorphous mixture that only approaches the stochiometric relation of

, the specific relation being a strong function of process parame-
ters and hence is IC-foundry specific. In the industry, it is variously
referred to as “nitride”, “glass” or “passivation”, and may also contain
amounts of oxygen.

2.1.4 Gallium Arsenide

Crystalline gallium arsenide (GaAs) is a “gold-gray” glassy material with
the zinc-blende structure. When bound to each other, both gallium and
arsenic atoms form tetrahedral bonds. In the industry, GaAs is referred to
as a III-V (three-five), to indicate that it is a compound semiconductor

573oC
X1 X2

Figure 2.6. -Quartz is found as 
either a right or a left-handed 
structure, as indicated by the thick 
lines in the structure diagram that 
form a screw through the crystal. 
In the figure, 8 unit cells are 
arranged in a  block.

α

2 2× 2×( )

Si3N4
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whose constituents are taken from the columns III and V of the periodic
table. The atoms form into a zinc-blende crystal, structurally similar to
the diamond-like structure of silicon, but with gallium and arsenic atoms
alternating, see Figure 2.8.

Figure 2.7. Silicon nitride appears 
in many crystalline configurations. 
The structure of  and of 

 are based on vertical 
stacks of  tetrahedra, as 
shown in (I) and (II) respectively.

α β
Si3N4

SiN4
(I) (II)

Figure 2.8. The zinc-blende struc-
ture of gallium arsenide. The two 
atom types are represented by 
spheres of differing diameter. Also 
see Figure 2.2.
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Gallium arsenide is mainly used to make devices and circuits for the all-
important opto-electronics industry, where its raw electronic speed or the
ability to act as an opto-electronic lasing device is exploited. It is not
nearly as popular as silicon, though, mainly because of the prohibitive
processing costs. Gallium arsenide has a number of material features that
differ significantly from Silicon, and hence a reason why we have
included it in our discussion here. Gallium arsenide’s phonon dispersion
diagram is shown in Figure 2.9.

2.2 Crystal Structure
As we have seen, crystals are highly organized regular arrangements of
atoms or ions. They differ from amorphous materials, which show no
regular lattice, and poly-crystalline materials, which are made up of adja-
cent irregularly-shaped crystal grains, each with random crystal orienta-

Figure 2.9. The measured and computed dispersion diagrams of crystalline gallium ars-
enide. The vertical axis represents the phonon frequency, the horizontal axis represents 
straight-line segments in k-space between the main symmetry points of the Brillouin zone, 
which is shown as an insert. Figure adapted from [2.5].
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tion. From observations and measurements we find that it is the regular
crystalline structure that leads to certain special properties and behavior
of the associated materials. In this section we develop the basic ideas that
enable us to describe crystal structure analytically, so as to exploit the
symmetry properties of the crystal in a systematic way.

2.2.1 Symmetries of Crystals

Consider a regular rectangular arrangement of points on the plane. The
points could represent the positions of the atoms that make up a hypo-
thetical two-dimensional crystal lattice. At first we assume that the atoms
are equally spaced in each of the two perpendicular directions, say by a
pitch of  and . More general arrangements of lattice points are the
rule.

Translational 
Invariance

Consider a vector  that lies parallel to the horizontal lattice direction
and with magnitude equal to the pitch . Similarly, consider vector  in
the other lattice direction with magnitude equal to the pitch . Then,
starting at point , we can reach any other lattice point  with

, where  and  are integers. Having reached another
interior point , the vicinity is the same as for point , and hence we
say that the lattice is invariant to translations of the form , see
the example in Figure 2.10.

a b

a
a b

b
pi q j

q j α ja β jb+= α j β j

q j pi

α ja β jb+

Figure 2.10. In this 2-dimensional 
infinitely-extending regular lattice 
the 2 lattice vectors are neither 
perpendicular nor of equal length. 
Given a starting point, all lattice 
points can be reached through 

. The vicinities of 
 and  are similar.

q j α ja β jb+=
pi qi a

b pi

q j

ab

q j 2a 5b+=
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Rotational 
Symmetry

If we consider the vicinity of an interior point  in our lattice, and let us
assume that we have very many points in the lattice, we see that by rotat-
ing the lattice in the plane about point  by an angle of , the vicin-
ity of the point  remains unchanged. We say that the lattice is invariant
to rotations of . Clearly, setting  and  makes the lattice
invariant to rotations of  as well. Rotational symmetry in lattices are
due to rotations that are multiples of either ,  or , see
Figure 2.11. If the underlying lattice has a rotational symmetry, we will
expect the crystal’s material properties to have the same symmetries.

Bravais 
Lattice

With the basic idea of a lattice established, we now use the concept of a
Bravais lattice to model the symmetry properties of a crystal’s structure.
A Bravais lattice is an infinitely extending regular three-dimensional
array of points that can be constructed with the parametrized vector

(2.3)

where ,  and  are the non-coplanar lattice vectors and ,  and
 are arbitrary (positive and negative) integers. Note that we do not

pi

pi 180°

pi

180° a b= a b⊥

90°

60° 90° 180°

Figure 2.11. Illustrations of lattice symmetries w.r.t. rotations.

180° 90° 60°

q j α ja β jb γ jc+ +=

a b c α j β j

γ j
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assume that the vectors ,  and  are perpendicular. The Bravais lattice
is inherently symmetric with respect to translations : this is the way we
construct it. The remainder of the symmetries are related to rotations and
reflections. There are  crystal systems: hexagonal, trigonal, triclinic,
monoclinic, orthorhombic, tetragonal and cubic. In addition, there are

 Bravais lattice types, see Figure 2.12. These are grouped into the fol-
lowing six lattice systems in decreasing order of geometric generality (or
increasing order of symmetry): triclinic, monoclinic, orthorhombic, tet-
ragonal, Hexagonal and cubic. The face-centered cubic (fcc) diamond-
like lattice structure of silicon is described by the symmetric arrangement
of vectors shown in Figure 2.13 (I). The fcc lattice is symmetric w.r.t. 90o

rotations about all three coordinate axes. Gallium arsenide´s zinc-blende
bcc-structure is similarly described as for silicon. Because of the pres-
ence of two constituent atoms, GaAs does not allow the same transla-
tional symmetries as Si.

Primitive 
Unit Cell

We associate with a lattice one or more primitive unit cells. A primitive
unit cell is a geometric shape that, for single-atom crystals, effectively
contains one lattice point. If the lattice point is not in the interior of the
primitive cell, then more than one lattice point will lie on the boundary of
the primitive cell. If, for the purpose of illustration, we associate a sphere
with the lattice point, then those parts of the spheres that overlap with the
inside of the primitive cell will all add up to the volume of a single
sphere, and hence we say that a single lattice point is enclosed. Primitive
cells seamlessly tile the space that the lattice occupies, see Figure 2.14.

Wigner-Seitz 
Unit Cell

The most important of the possible primitive cells is the Wigner-Seitz
cell. It has the merit that it contains all the symmetries of the underlying
Bravais lattice. Its definition is straightforward: The Wigner-Seitz cell of
lattice point  contains all spatial points that are closer to  than to any
other lattice point . Its construction is also straight-forward: Consider-
ing lattice point , connect  with its neighbor lattice points . On
each connection line, construct a plane perpendicular to the connecting
line at a position halfway along the line. The planes intersect each other

a b c
q j

7

14

pi pi

q j

pi pi q j
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Figure 2.12. The fourteen Bravais lattice types. CP: Cubic P; CI: Body-centered cubic; 
CF: Face-centered cubic; , . TP: Tetragonal; TI: Body-
centered tetragonal; , . HP: Hexagonal; HR: Hexagonal R; 

, ,  (this not a separate Bravais lattice type). OP: 
Orthorhombic; OI: Body-centered orthorhombic; OF: Face-centered orthorhombic; OC: 
C-orthorhombic; , . MP: Monoclinic; MI: Face-centered 
monoclinic; , . T: Trigonal; , . TC: Tri-
clinic; , .  refer to lattice pitches;  to lattice vector 
angles.

CP
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HRHP
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OI

OF OC

TC
T MP MI
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and, taken together, define a closed volume around the lattice point .
The smallest of these volumes is the Wigner-Seitz cell, illustrated in
Figure 2.15.

Reciprocal 
Lattice

The spatial Bravais crystal lattice is often called the direct lattice, to refer
to the fact that we can associate a reciprocal lattice with it. In fact, in
studying the properties of the crystal lattice, most data will be referred to

Figure 2.13. The equivalent lattice vectors sets that define the structures of the diamond-
like fcc structure of Si and the zinc-blende-like structure of . The vectors are either 
the set: , ,  or the set: 

, , .

Figure 2.14. Illustrations of some 
of the many primitive unit cells for 
a 2-dimensional lattice. Of these, 
only (g) is a Wigner-Seitz cell. Fig-
ure adapted from [2.10].
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the reciprocal lattice. Let us consider a plane wave (see Box 2.1), travers-
ing the lattice, of the form

. (2.4)

We notice two features of this expression: the vectors  and  are sym-
metrical in the expression (we can swap their positions without altering
the expression); and the crystal is periodic in  space. The vector  is a
position in real space; the vector  is called the position vector in recip-
rocal space, and often also called the wave vector, since it is “defined”
using a plane wave. Next, we consider waves that have the same period-
icity as the Bravais lattice. The Bravais lattice points lie on the regular
grid described by the vectors , so that a periodic match in wave ampli-
tude is expected if we move from one grid position to another, and there-
fore

. (2.5)

This provides us with a condition for the wave vector  for waves that
have the same spatial period as the atomic lattice, because we can cancel
out the common factor  to obtain

. (2.6)

Figure 2.15. The Wigner-Seitz cell for the bcc lattice. (I) shows the cell without the atomic 
positions. (II) includes the atomic positions so as to facilitate understanding the method 
of construction. (III) The Wigner-Seitz cell tiles the space completely.
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Equation (2.6) generates the  (wave) vectors from the  (lattice posi-
tion) vectors, and we see that these are mutually orthogonal. We summa-
rize the classical results of the reciprocal lattice:

Reciprocal 
Lattice 
Properties

• The reciprocal lattice is also a Bravais lattice.

• Just as the direct lattice positions are generated with the primitive unit
vectors , the reciprocal lattice can also be so
generated using . The relation between the two
primitive vector sets is

(2.7a)

(2.7b)

(2.7c)

• The reciprocal of the reciprocal lattice is the direct lattice.

• The reciprocal lattice also has a primitive cell. This cell is called the
Brillouin zone after its inventor.

• The volume of the direct lattice primitive cell is .

• The volume of the reciprocal lattice primitive cell is
. From (2.7c) we see that

(2.8)

and hence that

(2.9)

Miller Indices The planes formed by the lattice are identified using Miller indices.
These are defined on the reciprocal lattice, and are defined as the coordi-
nates of the shortest reciprocal lattice vector that is normal to the plane.
Thus, if we consider a plane passing through the crystal, the Miller indi-

k q
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ces are the components of a -space vector (the vector is normal to the
plane) that fulfil , where  lies on the plane of interest.

As an example, consider a cubic lattice with the Miller indices 
of a plane that lies parallel to a face of the cube. The indices determine
the plane-normal -space vector . The plane is

Box 2.1. Plane waves and wave-vectors.
We describe a general plane wave with

. (B 2.1.1)
Recalling the relation between the trigonometric 
functions and the exponential function,

. (B 2.1.2)
we see that  is indeed a wave-like function, for 

 parametrizes an endless circular cycle on the 
complex plane.

Equation (B 2.1.1) is a powerful way of describing 
a plane wave. Two vectors, the spatial position 
vector  and the wave vector, or reciprocal posi-
tion vector , are position arguments to the expo-
nential function. The cyclic angle that it the wave 
has rotated through is the complete factor 

. Since  measures the distance along 
an arbitrary spatial direction and  points along 
the propagation direction of the wave,  gives 
the component of this parametric angle.  mea-
sures rotation angle per distance travelled (a full 
cycle of  is one wavelength), so that 

counts the number cycles completed along a spa-
tial segment.

If we fix the time t (“freezing” the wave in space 
and time), then moving along a spatial direction 
we will experience a wave-like variation of the 
amplitude of  as . If we now move in a 
direction perpendicular to the propagation of the 
wave , then we will experience no amplitude 
modulation. Next, staying in the perpendicular 
direction to the wave propagation at a fixed posi-
tion, if the time is again allowed to vary, we will 
now experience an amplitude modulation as the 
wave moves past us.

Figure B2.1.1: The exponential function 
describes a cycle in the complex plane.
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fixed by . Since
,  and , the space axis inter-

cepts for the plane are therefore ,
 and .

Silicon 
Reciprocal 
Lattice Shape

We have seen that the silicon crystal can be represented by a face-cen-
tered cubic lattice with a basis. This means that its reciprocal lattice is a
body-centered lattice with a basis. This has the following implications.
The Wigner-Seitz cell for the silicon direct lattice is a rhombic dodecahe-
dron, whereas the first Brillouin zone (the Wigner-Seitz cell of the recip-
rocal lattice) is a truncated dodecahedron.

2.3 Elastic Properties: The Stressed Uniform 
Lattice

In a broad sense the geometry of a crystal’s interatomic bonds represent
the “structural girders” of the crystal lattice along which the forces act
that keep the crystal intact. The strength of these directional interatomic
forces, and the way in which they respond to small geometrical perturba-
tions; these are the keys that give a crystal lattice its tensorial elastic
properties and that enable us to numerically relate applied stress to a
strain response. In this section we derive the Hooke law for crystalline,
amorphous and poly-crystalline materials based on lattice considerations.

2.3.1 Statics

Atomic Bond 
Model

It is well known that atoms form different types of bonds with each other.
The classification is conveniently viewed as the interaction between a
pair of atoms:

• Ionic—a “saturated” bond type that is characterized by the fact that
one atom ties up the electrons participating in the bond in its outer-
most shell. This leaves the two atoms oppositely charged. The cou-

k r⋅ Constant= 2π r1m r2n r3 p+ +( )=
k a1⋅ 2πm= k a2⋅ 2πn= k a3⋅ 2πp=

r1 Constant 2πm⁄=
r2 Constant 2πn⁄= r3 Constant 2πp⁄=
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lombic (electrostatic) force between the net charges of the constituent
“ions” form the bond. This bond is sometimes termed localized,
because the electrons are tightly bound to the participating atoms.

• van der Waals—a very weak bonding force that is often termed the
fluctuating dipole force because it is proportional to an induced dipole
between the constituent atoms, and this effective dipole moment has a
non-vanishing time average.

• Valency—another localized electron-pair bond. Here, the electron-
pair of the participating atoms form a hybrid orbital that is equally
shared by the two atoms, hence the term covalent. Clearly, ionic and
covalent bonds are the two limiting cases of a similar phenomena, so
that a bond in-between these limits can also be expected. Valency
bonds are quite strong, and account for the hardness and brittle nature
of the materials.

• Metallic—the electrons participating in the bonding are non-local-
ized. Typically, the number of valence electrons at a point is exceeded
by the number of nearest-neighbor atoms. The electrons are therefore
shared by many atoms, making them much more mobile, and also
accounts for the ductility of the material.

Figure 2.16. The geometry of a tetrahedral bond for Carbon-like atoms can be repre-
sented by a hybrid -function as a superposition of 2s and 2p-orbitals. a) s-orbital. b) 
p-orbital. c) -orbital.
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The semiconductors that we consider are covalently bonded. We now
give a qualitative description of the tetrahedral covalent bond of the
atoms of an fcc crystal. Solving the Schrödinger equation (see Box 2.2

and Chapter 3) for a single atom yields the orthogonal eigenfunctions
that correspond to the energy levels of the atom, also known as the orbit-
als. The spherical harmonic functions shown in Table 2.2 are such eigen-
functions. The tetrahedral bond structure of the Si atom can be made,
through a superposition of basis orbitals, to form the hybrid  orbital

Box 2.2. The stationary Schrödinger equation and the Hamiltonian of a Solid [2.4].
In principle, all basic calculations of solid state 
properties are computed with the Schrödinger 
equation

(B 2.2.1)
The Hamiltonian operator  defines the dynam-
ics and statics of the model,  represents a state 
of the model, and  is the scalar-valued energy. 
Thus the Schrödinger equation is an Eigensystem 
equations with the energy plying the role of an 
eigenvalue and the state the role of an eigen-func-
tion.

The Hamiltonian is usually built up of contribu-
tions from identifiable subcomponents of the sys-
tem. Thus, for a solid-state material we write that

(B 2.2.2)

i.e., the sum of the contributions from the elec-
trons, the atoms, their interaction and interactions 
with external influences (e.g., a magnetic field). 
Recall that the Hamiltonian is the sum of kinetic 
and potential energy terms. Thus, for the electrons 
we have

(B 2.2.3)

The second term is the Coulombic potential 
energy due to the electron charges. Note that the 
sum is primed: the sum excludes terms where 

.

For the atoms the Hamiltonian looks similar to 
that of the electron

(B 2.2.4)

For the electron-atom interaction we associate 
only a potential energy

(B 2.2.5)

Equation (B 2.2.1) is hardly ever solved in all its 
generality. The judicious use of approximations 
and simplifications have yielded not only tremen-
dous insight into the inner workings of solid state 
materials, but have also been tremendously suc-
cessful in predicting complex phenomena.

We will return to this topic in the next chapter, 
where we will calculate the valence band structure 
of silicon to remarkable accuracy.
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that we associate with its valence electrons. The construction is illus-
trated in Figure 2.16.

The valence electron orbitals may overlap to form bonds between atoms.
The interpretation is straightforward: a valence electron’s orbital repre-
sents the probability distribution of finding that electron in a specific
region of space. In a first approximation, we let the orbitals simply over-
lap and allow them to interfere to form a new shared orbital. Bonding
takes place if the new configuration has a lower energy than the two sep-
arate atom orbitals. The new, shared, hybrid orbital gives the electrons of

Table 2.2. The spherical harmonic functions , Also see Table 3.1 and
Figure 3.9 in Chapter 3.

l m Plot l m Plot l m Plot l m Plot
0 0
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the two binding atoms a relatively high probability of occupying the
space between the atoms.

Figure 2.17 shows what happens when atoms bond to form a diamond-

like crystal. The energy of the atomic arrangement is lowered to a mini-
mum when all atoms lie approximately at a separation equal to the lattice
constant  (the lattice constant is the equilibrium distance that separates
atoms of a lattice). The  orbitals of neighboring atoms overlap to
form new shared orbitals. The electrons associated with these new states
are effectively shared by the neighboring atoms, but localized in the
bond. The bonding process does not alter the orbitals of the other elec-
trons significantly.

The potential energy plot of Figure 2.17 (II) is necessarily only approxi-
mate, yet contains the necessary features for a single ionic bond. In fact,
it is a plot of the Morse potential, which contains a weaker attractive and
a very strong, repulsive constituent, localized at the core

Figure 2.17. When atoms with a tetrahedral bond structure form a covalently-bonded 
crystal lattice, the valence electrons are localized about the nearest-neighbor atoms. We 
visualize these (I) as the overlap positions of the sp3-hybrid orbitals, shown here for four 
atoms in a diamond-like lattice. We assume that the distance  between the atomic cores, 
the lattice constant, is the position of minimum energy for the bond (II).
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a r

E(r)

(II)(I) r=a
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a
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(2.10)

The potential energy for bond formation  and the equilibrium bond
length  depend on the constituent atoms, and may be obtained by
experiment. The parameter  controls the width of the potential well,
i.e., the range of the interparticle forces. For covalent crystals, such as sil-
icon, this picture is too simplistic. The tetrahedral structure of the orbitals
forms bonds that can also take up twisting moments, so that, in addition
to atom pair interactions, also triplet and perhaps even larger sets of inter-
acting atoms should be considered. A three-atom interaction model that
accounts well for most thermodynamic quantities of Si appears to be the
Stillinger-Weber potential [2.8], which, for atom  and the interaction
with its nearest neighbors , ,  and  is

(2.11)

In this model, the two-atom interaction is modelled as

(2.12)

and the three-atom interaction by

(2.13)
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For silicon, this model works well with the following parameters:
, , , , ,

, the cut-off radius , the “lattice” constant
 and the bond energy . Note

that in the above .

Linearization We assume that the atoms of the crystal always remain in the vicinity of
their lattice positions, and that the distance they displace from these posi-
tions is “small” when measured against the lattice constant , see
Figure 2.18. This is a reasonable assumption for a solid crystal at typical

operating temperatures; the covalent and ionic bonds are found to be
strong enough to make it valid.

G 7.0495563= H 0.60222456= p 4= q 0= λ 21=
γ 1.2= c 1.8=
a 0.20951nm= E 6.9447 19–×10 J ion⁄=

rij ri r j–=

a

Figure 2.18. Instantaneous snapshot of the atom positions of a regular square lattice with 
respect to their average lattice site positions. On the right is shown the relation between 
the lattice position vector , the atom position vector  and the atom displacement 
vector  for atom k. The shading around atom i indicates how the inter-atom interaction 
strength falls off as a function of distance.

uk

rk Rk uk+=

Rk

k

i

Rk rk
uk



Elastic Properties: The Stressed Uniform Lattice

Semiconductors for Micro and Nanosystem Technology 55

Linearized 
Potential 
Energy

To illustrate the derivation of the elastic energy in terms of the strain and
the elastic constants of the crystal, we will use an interatomic potential
that only involves two-atom interactions. For a more general derivation,
see e.g. [2.1]. Denote the relative vector position of atom  by , and its
absolute position by , where  localizes the regular lattice
site. For a potential binding energy  between a pair of atoms as
depicted in Figure 2.17 (II), we form the potential energy of the whole
crystal with

. (2.14)

where  and . The factor  arises because
the double sum counts each atom pair twice. We expand the energy about
the lattice site  using the Taylor expansion for vectors

(2.15)

because of the assumption that the atom displacements  and hence
their differences  are small. The terms  must be read
as  operating  times on the position-dependent energy 
evaluated at the atom position . Applying (2.15) to (2.14) we obtain

(2.16)

The first term in (2.16) is a constant for the lattice, and is denoted by .
The second term is identically zero, because the energy gradient is evalu-
ated at the rest position of each atom where by definition is must be zero
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(2.17)

This leaves us with the zeroth and second and higher order terms

(2.18)

The first term in (2.18) is the energy associated with the atoms at the lat-
tice positions, i.e., at rest, and represents the datum of energy for the
crystal. The second term is the harmonic potential energy, or the small-
displacement potential energy. When it is expanded, we obtain

(2.19)

Elasticity 
Tensor

Equation (2.19) illustrates two terms, the deformation felt between two
sites , and the second derivative of the interatomic potential at zero
deformation . The second derivative is the “spring constant”
of the lattice, and the deformation is related to the “spring extension”. We
can now go a step further and write the harmonic potential energy in
terms of the elastic constants and the strain.

Moving towards a continuum view, we will write the quantities in (2.19)
in terms of the position  alone. Consider the term

. We expect  to fall off rapidly
away from  when  is far removed, so that for the site , most of
the terms in (2.19) in the sum over j are effectively zero. To tidy up the
notation, we denote  as the components of the dynamical tensor

 = . The remainder of the sites  are close to ,
making  small, so that we are justified in making an expansion of the
components of  about 

(2.20)
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for which we only keep the leading term. We now apply a similar series
expansion to the term , because we expect it to vary little in the vicin-
ity of , and from now on we do not consider atom sites that are far
away, to obtain

(2.21)

Taking the first right-hand-side term of (2.20) and the first two terms of
(2.21), and inserting these into (2.19), we obtain

(2.22)

The result of (2.22) can now be rewritten again in terms of the original
quantities, to give

(2.23)

The rank four elastic material property tensor  in the vicinity of the
lattice site  is defined as

(2.24)

in terms of the crystal constituent positions and the resulting net inter-
atom binding energy. We expect this tensor to be translationally invariant
with respect to the lattice. Therefore, we can now move from a discrete
crystal description to the continuum, by considering the crystal as a col-
lection of primitive cells of volume  with an average “density” of elas-
tic material property in any particular unit cell to be , so that
we can replace the sum in (2.23) by an integral to obtain
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(2.25)

Strain We now wish to bring the gradient of deformation , a vector-valued
field over the crystal, in relation to the strain, which is a rank two tensor-
valued field. We consider Figure 2.19, where we follow the behavior of

two points  and  before and after deformation. The points are chosen
to be close to each other, and we assume that the body has deformed elas-
tically, i.e., without cracks forming, and without plastically yielding. To a
very good approximation, the movement of each point in the body can
then be written as a linear transformation

(2.26)

Uh 1
2
--- ui∇( )T E ui∇•• Vd

Ω
∫–=

u∇

Figure 2.19. An arbitrary body before and after deformation. The points  and  are 
“close” to each other.
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where  represents a pure translation and  a rotation plus stretch.
Next, we consider what happens to the line element  under the defor-
mation field 

(2.27)

We can rewrite  via the chain rule as , thereby
making the association , to find that we can now rewrite the
expression for  only in terms of the original quantities that we mea-
sure

(2.28)

We are interested in how the line element deforms (stretches), and for
this we form an expression for the square of its length

(2.29)

Consider the argument . If the stretch is
small, which we have assumed, then we can use ,
which defines the strain  by

(2.30)

The components of the small strain approximation may be written as

(2.31)

The small strain is therefore a symmetric rank two tensor.
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Crystal 
Energy in 
Terms of 
Strain

We return our attention to equation (2.25), where our goal is to rewrite
the harmonic crystal energy  in terms of the crystal’s strain. Clearly,

 should not be dependent on our choice of coordinate axes, and is
therefore invariant with respect to rigid-body rotations. We now choose a
deformation field  which simply rotates the crystal atoms
from their lattice positions by a constant defined angle . The gradient of
this field is , so that the energy associated
with pure rotations is clearly zero. The gradient of  can always be writ-
ten as the sum of a symmetric and an anti-symmetric part

(2.32)

Note that  and . We substitute  and  into (2.25) to
obtain

(2.33)

for the harmonic energy of the crystal.

Independent 
Elastic 
Constants

The elastic tensor E has inherent symmetries that can be exploited to
simplify (2.33). We first write an expression for the components of the
tensor E, centered at site i, in cartesian coordinates

(2.34)

Consider the argument of the sum. Clearly, E is symmetric with respect
to the indices  and , since the order of differentiation of the energy
with respect to a spatial coordinate is arbitrary. Furthermore, swapping

 and  also has no effect. Now look at the terms  and 
in (2.33). They vanish because, due the above symmetries of ,

. Finally, because the anti-symmetric strain  repre-
sents a pure rotation, the last term  in (2.33) must also vanish. As
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a consequence, the tensor E must be symmetric with respect to its first
and second pairs of indices as well, because it now inherits the symmetry
of the symmetric strain. Thus we obtain the familiar expression for the
elastic energy as

(2.35)

Of the possible 81 independent components for the fourth rank tensor E,
only 21 remain. We can organize these into a  matrix C if the fol-
lowing six index pair associations are made:

(2.36)

In order to obtain analog relations using the reduced index formalism, we
have to specify the transformation of the stress and strain as well. For the
stress we can use the same index mapping as in (2.36)

(2.37)

For the strain, however, we need to combine the index mapping with a
scaling

(2.38)

In this way, we retain the algebraic form for the energy terms
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(2.39)

The further reduction of the number of independent elastic coefficients
now depends on the inherent symmetries of the underlying Bravais lat-
tice. Silicon has a very high level of symmetry because of its cubic struc-
ture. The unit cell is invariant to rotations of 90° about any of its
coordinate axes. Consider a rotation of the x-axis of 90° so that ,

 and . Since the energy will remain the same, we must have
that ,  and . By a similar argument for
rotations about the other two axes, we obtain that ,

 and . Since the other matrix
entries experience an odd sign change in the transformed coordinates, yet
symmetry of  is required, they must all be equal to zero. To summarize,
Si and other cubic-symmetry crystals have an elasticity matrix with the
following structure (for coefficient values, consult Table 2.1) but with
only three independent values:

(2.40)

 can be inverted to produce  with exactly the same structure and the
following relation between the constants:

(2.41)

The bulk modulus  and compressibility  of the cubic material is
given by
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(2.42)

Isotropic materials have the same structure as (2.40) but with only two
independent constants. In the literature, however, no less that three nota-
tions are common. Often engineers use the Young modulus  and Pois-
son ratio , whereas we find the Lamé constants  and  often used in
the mechanics literature. The relations between the systems are summa-
rized by:

(2.43)

The -Quartz crystal has the following elastic coefficient matrix struc-
ture (for coefficient values, consult Table 2.1):

(2.44)
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2.4 The Vibrating Uniform Lattice
The elastic, spring-like nature of the interatomic bonds, together with the
massive atoms placed at regular intervals; these are the items we isolate
for a model of the classical mechanical dynamics of the crystal lattice
(see Box 2.3 for brief details on Lagrangian and Hamiltonian mechan-
ics). Here we see that the regular lattice displays unique new features
unseen elsewhere: acoustic dispersion is complex and anisotropic, acous-
tic energy is quantized, and the quanta, called phonons, act like particles
carrying information and energy about the lattice.

2.4.1 Normal Modes
As we saw in Section 2.3, an exact description of the forces between the
atoms that make up a crystal are, in general, geometrically and mathe-
matically very complex. Nevertheless, certain simplifications are possi-
ble here and lead both to an understanding of what we otherwise observe
in experiments, and often to a fairly close approximation of reality. We
assume that:

• The atoms that make up the lattice are close to their equilibrium posi-
tions, so that we may use a harmonic representation of the potential
binding energy about the equilibrium atom positions. The spatial gra-
dient of this energy is then the position-dependent force acting on the
atom, which is zero when each atom resides at its equilibrium posi-
tion.

• The lattice atoms interact with their nearest neighbors only.

• The lattice is infinite and perfect. This assumption allows us to limit
our attention to a single Wigner-Seitz cell by assuming translational
symmetry.

• The bound inner shell electrons move so much faster than the crystal
waves that they follow the movement of the more massive nucleus
that they are bound to adiabatically.
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• The valence electrons form a uniform cloud of negative space charge
that interacts with the atoms.

Box 2.3. A Brief Note on Hamiltonian and Lagrangian Mechanics.
Hamilton’s Principle. Hamilton’s principle states 
that the variation of the action A, also called the 
variational indicator, is a minimum over the path 
chosen by a mechanical system when proceeding 
from one known configuration to another

(B 2.3.1)

The Action. The action is defined in terms of the 
lagrangian  and the generalized energy sources 

 of the system

(B 2.3.2)

where  is the generalized force and  the gen-
eralized displacement

The Lagrangian. The mechanical Lagrangian of 
a system is the difference between its kinetic co-
energy  (the kinetic energy expressed 
in terms of the system’s velocities) and its poten-
tial energy 

(B 2.3.3)

In general, the lagrangian for a crystal is written in 
terms of three contributions: the mechanical (or 
matter), the electromagnetic field and the field-
matter interaction

(B 2.3.4)

(B 2.3.5)

Generalized Energy Sources. This term groups 
all external or non-conservative internal sources 

(sinks) of energy in terms of generalized forces 
 and the generalized displacements .

Generalized Displacements and Velocities. For 
a system, we establish the m independent scalar 
degrees of freedom  required to describe 
its motion in general. Then we impose the p con-
straint equations  that specify the 
required kinematics (the admissible path in ). 
This reduces the number of degrees of freedom by 
p, and we obtain the  generalized sca-
lar displacements  of the system. 
The generalized velocities are simply the time rate 
of change of the generalized displacements, 

.

Lagrange’s Equations. An immediate conse-
quence of (B 2.3.2) is that the following equations 
hold for the motion

(B 2.3.6)

These are known as the Lagrange equations of 
motion. For a continuum, we can rewrite (B 2.3.6)
for the Lagrange density as

(B 2.3.7)

In the continuum crystal lagrangian the variables 
 represent the material coordinates of the unde-

formed crystal;  the spatial coordinates of the 
deformed crystal. The Lagrange equations are 
most convenient, because they allow us to add 
detail to the energy expressions, so as to derive the 
equations of motion thereafter in a standard way.
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Normal 
Modes

Normal modes are the natural eigen-shapes of the mechanical system.
We already know these from musical instruments: for example from the
shapes of a vibrating string (one-dimensional), the shapes seen on the
stretched surface of a vibrating drum (two-dimensional), or a vibrating
bowl of jelly (three-dimensional). Normal modes are important, because
they are orthogonal and span the space of the atomic movements and
thereby describe all possible motions of the crystal. To obtain the normal
modes of the crystal, we will assume time-dependent solutions that have
the same geometric periodicity of the crystal.

We will now derive an expression for the equations of motion of the crys-
tal from the mechanical Lagrangian  (see Box 2.3.) From
the previous section we have that . The kinetic
co-energy is added up from the contributions of the individual atoms

(2.45)

As for the potential energy, this sum can also be turned into a volume
integral, thereby making the transition to a continuum theory. We con-
sider a primitive cell of volume V

(2.46)

Thus we have for the mechanical Lagrangian that

, with 

(2.47)

The continuum Lagrange equations read [2.7]

(2.48)
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2 εT :E:ε–( )=

d
dt
----- ∂L

∂ ẋ j
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where we have chosen the coordinates  to describe the undeformed
configuration of the crystal, and  the coordinates in the deformed crys-
tal, see Figure 2.19.

1D 
Monatomic 
Dispersion 
Relation

The complexity in applying the lagrangian formulation to a general 3D
crystal can be avoided by considering a 1D model system that demon-
strates the salient features of the more involved 3D system. A large 1D
lattice of  identical bound atoms are arranged in the form of a ring by
employing the Born-von Karmann boundary condition, i.e.,

. From equation (2.31), the strain in the 1D lattice is
simply

(2.49)

which gives a potential energy density of

(2.50)

where  is the displacement of the atom from its lattice equilibrium site
and  is the linear Young modulus of the interatomic bond. Note that we
only consider nearest-neighbour interactions. The kinetic co-energy den-
sity is

(2.51)

where the mass density is  for an atomic mass  and inter-
atomic spacing . The lagrangian density for the chain is the difference
between the kinetic co-energy density and the potential energy density,

. Note that  and hence that  and
. We insert the lagrangian density in equation (2.48) to obtain

(2.52)

X
x

N

u N 1+( ) u N( )=

ε11
1
2
--- u∇ u∇ T+( ) du

dX
-------= =

U
1
2
---E du

dX
------- 

 
2

=

u
E

T
* 1

2
---ρu̇2=

ρ m a⁄= m
a

L T
*

U–= u X x–= u∇ Id x∇–=
u̇ ẋ–=
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Since the potential energy is located in the bonds and not the lattice site,
and therefore depends on the positions of the neighboring lattice sites,
the term  is replaced by its lattice equivalent for the lattice site

. This finite difference formula expresses the
fact that the curvature of  at the lattice site  depends on the next-neigh-
bor lattice positions. This step is necessary for a treatment of waves with
a wavelength of the order of the interatomic spacing. If we use the sim-
pler site relation, we only obtain the long wavelength limit of the disper-
sion relation, indicated by the slope lines in Figure 2.20. We now look for
solutions, periodic in space and time, of the form

(2.53)

which we insert into equation (2.52) and cancel the common exponential

(2.54)

Reorganizing equation (2.54), we obtain

(2.55)

Equation (2.55) is plotted in Figure 2.20 on the left, and is the dispersion
relation for a monatomic chain. The curve is typical for an acoustic wave
in a crystalline solid, and is interpreted as follows. In the vicinity where

 is small, the dispersion relation is linear (since )
and the wave propagates with a speed of  as a linear acoustic
wave. As the frequency increases, the dispersion relation flattens off,
causing the speed of the wave  to approach zero (a standing wave
resonance).

1D Diatomic 
Dispersion 
Relation

Crystals with a basis, i.e., crystals with a unit cell that contains different
atoms, introduce an important additional feature in the dispersion curve.
We again consider a 1D chain of atoms, but now consider a unit cell con-
taining two different atoms of masses  and .
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The kinetic co-energy is added up from the contributions of the individ-
ual atoms

(2.56)

The index  counts over the atoms in an elementary basis cell, and the
index  counts over the lattice cells. Similarly, the bond potential energy
is dependent on the stretching of the inter-atom bonds

(2.57)

Figure 2.20. The monatomic and diatomic one-dimensional chain lattices lend themselves 
to analytical treatment. Depicted are the two computed dispersion curves with schematic 
chains and reciprocal unit cell indicated as a gray background box.  is the symmetry 
point at the origin,  the symmetry point at the reciprocal cell boundary. Only nearest-
neighbor interactions are accounted for.
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The restriction to next-neighbor interactions and identical interatomic
force constants yields the following equations of motion when the
expressions (2.56) and (2.57) are inserted into the Lagrange equations

(2.58a)

(2.58b)

At rest the atoms occupy the cell positions (due to identical static forces)
 and . Hence we choose an harmonic atom dis-

placement ansatz for each atom of the form

(2.59a)

(2.59b)

The second ansatz can be written in terms of 

(2.60)

Equations (2.59b) and (2.60) are now inserted into (2.58a). Eliminating
common factors and simplifying, we obtain an equation for the ampli-
tudes  and 

(2.61)

This is an eigensystem equation for , and its non-trivial solutions are
obtained by requiring the determinant of the matrix to be zero. Perform-
ing this, we obtain
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(2.62)

The two solutions are plotted in Figure 2.20 on the right.

Discussion The case when the two masses of the unit-cell atoms differ only by a
small amount, i.e.,  with  small, is instructive. The optical
and acoustic branches approach then each other at the edge of the recip-
rocal cell, i.e., at . As the mass difference  goes to zero, the
lattice becomes a monatomic lattice with lattice constant , so that the
branches touch each other at the reciprocal cell edge.

The interpretation of the two branches is as follows. For the lower
branch, all the atoms move in unison just as for an acoustic wave, hence
the name acoustic branch. In fact, it appears as a center-of-mass oscilla-
tion. For the upper or optical branch, the center of mass is stationary, and
the atoms of a cell only move relative to each other. Its name refers to the
fact that for ionic crystals, this mode is often excited by optical interac-
tions.

2D Square 
Lattice 
Dispersion 
Relation

The next construction shows the richness in structure that appears in the
dispersion relation when an additional spatial dimension and one level of
interaction is added to the 1D monatomic lattice. It serves as an illustra-
tion that the anisotropy of the interatomic binding energy enables more
involved crystal vibrational modes and hence additional branches in the
dispersion curves. At the same time it shows that most of the essential
features of the expected structure is already clear from the simple 1D
models.

The model considers a 2D monatomic square lattice, and includes the
interaction of the four nearest and four next-nearest neighboring lattice
atoms, i.e., 8 interactions in all. Furthermore, the forces are assumed to
be linear (the harmonic assumption) and the next-nearest neighbor spring
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stiffnesses are taken to be  times the stiffnesses of the nearest
neighbor bonds.

Following the discussion for the linear lattices, we formulate the equa-
tions of motion as

, , 

(2.63)

where the dynamical matrix  represents the stiffness of the bond
between atom sites  and  and between the directions  and . The
current model has a nine-atom 2D interaction, for which we can use an

stiffness matrix. The nonzero unique elements of the matrix are

(2.64a)

(2.64b)

Equation (2.63) thus becomes

(2.65)

We make an harmonic ansatz for the atom displacement of the form

f 0.6=

Figure 2.21. Model for a 2D mon-
atomic square lattice. The atom 
numbers are markers for the deri-
vation of the equations of motion.
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(2.66)

We can write the ansatz for any neighboring atom in terms of the central
atom. For a parallel and diagonal atom we obtain

(2.67)

which, when inserted into (2.65) becomes

(2.68)

This single parameter eigenvalue equation has two solutions

(2.69)

Using the identity  we transform the equation
above to

(2.70)

The dispersion relation, equation (2.70), represents two  surfaces in
 space, and are plotted in Figure 2.22. Because not only nearest,

but also next nearest neighbor interactions are included, the upper disper-
sion surface shows a new feature, in that the maximum is not at the
boundary of the primitive cell, i.e., its gradient is zero in the interior of
the cell.
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By now the general method should become clear: the equations of
motion, (2.63), written in terms of the discrete inter-atomic forces

 acting on a typical lattice atom , with a harmonic
ansatz for the motion , leads to an
eigenvalue equation. For a many-atom unit cell we obtain

(2.71)

for the amplitude eigenvectors  and eigenfrequencies
. How to compute the dynamical matrix  is described, for the carbon

lattice, in Box 2.4. Solving (2.71) for different values of  enables us to
compute the phonon dispersion diagram shown in Figure 2.26 (but also
see Figure 2.4). For Figure 2.4, a  low order approximation of the
dynamical matrix was used that could easily be fitted with the elastic

Figure 2.22. Acoustic dispersion branch surfaces  for a monatomic lattice with 
nearest and next-nearest-atom linear elastic interaction. (a) One quarter of the surfaces 
are omitted to illustrate the inner structure. (b) The contours of the upper and lower sur-
faces. The inter-atom forces have a ratio of .
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constants of silicon. The qualitative agreement with the measured curve
is fairly good, as all major features are represented.

Phonon 
Density of 
States

A more useful form of the phonon density of states as a function of the
phonon frequency  and not as a function of the wave vector coor-
dinates. The density of states in -space is reasonably straightforward to
formulate. For the case of a 1D monatomic lattice of length  with lat-
tice constant , it is the constant value  for  and
zero otherwise. This amounts to saying that for each of the  atoms in

Box 2.4. Computing the carbon structure’s dynamical matrix.
Atom Contributions. The dynamical matrix 
describes the effect that perturbing the position of 
atom  has on the force acting on atom , for all 
the interacting neighbors of atom . Clearly this 
is a direct function of the crystal structure, so that 
we can write the dynamical matrix in terms of the 
bonding strengths between the adjacent sites. We 
now do this for the diamond lattice, depicted in 
Figure B2.4.1. From the viewpoint of atom , we 

have 4 equally distant neighbors at the positions 
, , 

 and , at, 
, and so on. The sets of equally distant 

neighbors are positioned in “onion shells” about 
atom . For each of these sets we can write down 
a force-constant tensor that is equal to the tensor 
product of its normalized position vector w.r.t. 
atom . For example for the first atom, the tensor 
equals

(B 2.4.1)

and can be interpreted as follows: If atom  expe-
riences a unit displacement in direction , then 
atom  experiences a force in direction  of size 

. Each unique separation  is associated 
with a force constant . A complete formulation 
includes all force constant tensors and hence all 
neighboring atoms involved in an interaction with 
atom .

The Dynamical Matrix. The net result of all 
atom interactions is computed from

(B 2.4.2)

The force constants are evaluated by comparing 
the long-wavelength dynamical matrix with the 
values obtained from elasticity theory, (2.80). 

Figure B2.4.1: The structure of the diamond 
lattice w.r.t. the centered atom 0, marked by an 
arrow. Bookkeeping becomes critical.
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the chain there is one state, and in -space the density is  states per
Brillouin zone volume. We expect the same result for 3D. The number of
states  per frequency interval  and at the frequency  can
be computed using

(2.72)

and so we see that the dispersion relation  is a prerequisite to com-
pute the required density of states . Before we
look at a practical method with which to compute  for real crys-
tals, we first discuss an important structural feature, namely the singular-
ities that occur when  is zero. If we take a look at Figure 2.4, or
simpler still, Figure 2.20, we see that at the symmetry points  is
either undefined or zero. Thus we have that  either tends to infinity

Figure 2.23. A computed phonon dispersion diagram for Silicon by the method described 
in the text. In this model, a dynamical matrix was used that only incorporates the nearest 
and next nearest neighbor atoms. In addition, a central force component was included so 
as to gain more realism. Qualitatively the shape closely resembles the diagram shown in 
Figure 2.4, which is based on measured values as well as a more realistic computation.
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or shows a discontinuity. These are known as Van Hove singularities after
their discoverer [2.14].

Phonon 
Density of 
States 
Computation 
Method

Since the density of states is constant in -space, the Walker calculation
method [2.15] (also called the root sampling method) requires perform-
ing the following steps:

• Form a uniform grid in -space. Only consider a volume that is non-
redundant, i.e., exploit all symmetries in the Brillouin zone of the
crystal to reduce the size of the problem. Ensure that no grid points lie
directly on a symmetry plane or on a symmetry line, as this would
complicate the counting.

• For each point on the grid, solve (2.71) for the eigenfrequencies .

• Compute , the highest frequency anywhere on the grid.

• Form a set of histogram bins from  to  for each separate
branch of the computed dispersion curve, and calculate the histo-
grams of branch frequencies found on the grid. That is, each histo-
gram bin counts how many branch states occurred for a frequency
lying within the bin’s interval.

• Identify the singular points on the histograms. Smoothen the histo-
grams between the singular points and plot the resultant phonon den-
sity of states.

The method requires enough -space points spread evenly over the Bril-
louin zone and histograms with small-enough bin widths for a realistic
result. (The method can also be used to compute the density of electronic
states , from the electronic band structure , as discussed in
Section 3.3). Applying the above algorithm to the linear chain of Section
2.4.1, we obtain the curves of Figure 2.24. Doing the same for the 2d lat-
tice results in the density-of-states diagram of Figure 2.25. For the silicon
dispersion diagram of Figure 2.23 we have numerically computed the
density of states by the root sampling method presented in Figure 2.26.

k

k
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ωmax
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k
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As for the dispersion diagram, it shows the correct features of the density
of states, but lacks realism due to the inadequacy of the dynamical
matrix.

Elastic Waves 
in Silicon

We now turn our attention to the classical mechanical equation of motion
in a solid (2.52) and (2.63) in the long wavelength limit, but ignoring
body forces

Figure 2.24. The computed phonon dispersion curves and density-of-states for the linear 
diatomic chain, for three mass ratios. The arrows show the positions of the Van Hove sin-
gularities. Also see Figure 2.20. For these plots  was divided into  bins, and 
evenly-spaced points in -space were used.

Figure 2.25. The computed 
phonon density-of-states for the 
2D lattice. The arrows show the 
positions of the Van Hove singu-
larities. Also see Figure 2.22. For 
this plot  was divided into 
bins, and  evenly-spaced 
points in -space were used.
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(2.73)

Remember that . It is simplest to first evaluate
 (here for a cubic-symmetry crystal) in the engineering notation

of (2.38) and (2.40)

(2.74)

ant then to transform the result back to the usual tensor notation

Figure 2.26. The computed phonon density of state diagram for a simplistic silicon 
model, shown together with the computed phonon dispersion diagram. Notice that peaks 
in the density of states diagram occur at positions where [2.13].
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(2.75)

We take the divergence of , to obtain a first version of the wave
equation

(2.76a)

(2.76b)

(2.76c)

With the definition of strain (2.31) we obtain the final form of the bulk
lattice wave equation system for a cubic-symmetry crystal

(2.77a)

(2.77b)

(2.77c)

To find the principal bulk modes, we assume a harmonic plane wave
solution of the form
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, with (2.78)

and unit vector  pointing in the direction of wave propagation, so that
(2.77a) becomes an eigensystem

(2.79)

with the tensor  defined for cubic materials such as silicon as

(2.80)

Equation (2.79) is also known as the Christoffel equation, and finding its
eigenvalues using material parameters for silicon, over a range of angles,
results in the slowness plots of Figure 2.27 [2.11]. Along the  fam-
ily of silicon crystal axes, the principal wave velocities are

, (2.81a)

(2.81b)

Along the  direction, we obtain the following results

(2.82a)

(2.82b)

(2.82c)

2.4.2 Phonons, Specific Heat, Thermal Expansion

The behavior of certain material properties, such as the lattice heat capac-
ity at low and medium temperatures, can only be explained if we assume
that the acoustic energy of lattice vibrations is quantized, a result indi-
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cated in the previous section on the normal modes of the crystal. By per-
forming a quantum-mechanical analysis of the lattice, essentially
consisting of taking a Hamiltonian of the crystal and finding its stationary
state (see 3.2.5), we find that the vibrational energy is quantized for the
various states as

. (2.83)

The vibrational energy is also a travelling wave (see Box 2.1) which has a
distinct momentum, so that

. (2.84)

Figure 2.27. The three computed slowness surfaces for silicon. These waves have differ-
ing velocities of propagation as shown in the figures. (a) The 3D plot of the quasi waves 
shows minima along the  axes. (b) Here we see that the shear polarization wave for 
silicon is isotropic, and hence a circle. The dotted line is a circle, provided for reference. 
The inverse wave velocities at the crystal axes intersections are  and 

. Also see Box 2.5.
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Vibrational energy quanta follow the statistics of bosons, i.e., they are not
subject to the Pauli exclusion principle that holds for fermions such as
the electrons, so that

Box 2.5. The characteristic surfaces of waves in anisotropic media [2.11].
For a general anisotropic medium we can write the 
orientation-dependent strength of a plane wave as

, (B 2.5.1)
Thus

(B 2.5.2)
It is usual to set

(B 2.5.3)
Equation (B 2.5.1) describes a closed surface 
called the velocity surface. We have seen that a 
general anisotropic medium supports three waves, 
two of which are quasi-shear transverse waves and 
one that is a quasi-parallel normal wave. Thus we 
have a family of three wave surfaces. Inverting 
equation (B 2.5.1) we obtain

(B 2.5.4)
so that . Equation (B 2.5.4)
describes a closed surface called the slowness sur-
face. Again there are three surfaces corresponding 
to the different wave mode solutions.

Normality. We now wish to form , 
for which we first define the two arguments. The 
modal wave’s Poynting vector is

(B 2.5.5)

Together with the wave’s energy density

(B 2.5.6)

we form the energy velocity vector  by

(B 2.5.7)

Since , we obtain

(B 2.5.8)

But  is nothing else than the group veloc-
ity of the wave , which in turn equals to 

, so that we 
deduce that . This means that 
the energy velocity is normal to the slowness sur-
face.

Complementarity. The scalar product of the 
energy velocity and the direction vector gives the 
magnitude of the wave velocity in that direction, 
i.e., . This follows from the 
Christoffel equation, (2.79). Hence we see that 

. Now consider the following 
construction

(B 2.5.9)

Inserting the definition for , we obtain that

, or, that the tangent of the veloc-
ity surface is normal to the propagation direction. 
The above findings are now summarized in.
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, (2.85)

We will delay any further discussion of particle statistics to Chapter 5.
Because of the similarity of this expression with the case of photons
(quantized electromagnetic energy, see Section 5.2.4), the quantized
crystal vibrations are called phonons.

Phonons The connection to the normal modes of the previous section is that the
excitation of the  mode (from branch  with wavevector ) corre-
sponds to saying that there exist  photons (from branch  with wave-
vector ) in the crystal [2.1].

Heat 
Capacity

The vibrating crystal lattice is an internal energy store. A measure for this
energy storage ability is the heat capacity at constant volume, defined as

(2.86)

in terms of the entropy  and the internal energy . Classical statistical
mechanics (SM), which treats the lattice as  classical linear harmonic
oscillators, assigns an average of energy  to each vibrational degree-
of-freedom, from

(2.87)

and hence we obtain a simple expression for the heat capacity as

(2.88)
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The expression shows no temperature dependence, which turns out to be
wrong for all but the very high temperatures. This classical result is due
to Dulong and Petit. From classical mechanics (CM), we obtained the

 normal modes of the crystal via a quadratic expression for the
Hamiltonian (the harmonic approximation). In CM, any motion of the
crystal is simply a linear combination of the normal modes, each with its
characteristic frequency , without regard to the energy. A quantum-
mechanical (QM) treatment of the linear harmonic oscillator, however,
assigns each mode with allowed energy levels ,

. The internal energy must depend on how energy is
absorbed into the quantized phonon levels. We calculate the energy of the
ensemble of oscillators as a sum over the QM states

(2.89)

from which we can evaluate the specific heat as

(2.90)

This quantum-corrected model now depends on the temperature, as
required. Since we know how to determine , (2.90) can in principle
be evaluated.

A particularly simple QM model was worked out by Debye. It replaces
the lattice’s dispersion relation with a simplified linear form,

, where  is the scalar isotropic speed of sound in the crys-
tal (the equation for the slope(s) in Figure 2.20). In addition, the Debye
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temperature  is introduced that characterizes the lowest temperature
at which all modes of the crystal are being excited. After some algebraic
manipulations (see e.g. [2.1], p. 458) we obtain the expression

(2.91)

Upon evaluation the Debye relation leads to the following rather awful
but exact analytical expression (computed using Mathematica®)

(2.92)

where  is the polylogarithm function. It provides an excellent
approximation of the specific heat over all temperature ranges, and is
plotted in Figure 2.28.

An-
harmonicity

The harmonic potential is in fact a truncated series expansion model of
the true crystal inter-atom potential, and as such is not capable of
explaining all lattice phenomena satisfactorily. We briefly discuss one
important examples here: the expansion of the lattice with temperature.
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The other important example, the lattice thermal conductivity, will be
discussed in Section 7.1.2.

Thermal 
Expansion

The thermal expansion coefficient is defined by

(2.93)

where  is the bulk modulus defined as , and equal
to the inverse of the compressibility,  is some length,  is the tempera-
ture,  is the pressure and  is the volume. From thermodynamics, we
have that

,  and (2.94)

for the entropy , the internal energy  and the Helmholtz free energy
. Combining these, we can write the pressure only in terms of the inter-

nal energy, volume and temperature as

(2.95)

All that remains is to insert the expression (2.89) for the internal energy
into (2.95), and then to insert this result into (2.93). Evaluating this

Figure 2.28. The specific heat 
of a harmonic crystal versus 

 computed using the Debye 
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expression is beyond our scope. It is important, however, to note that it
we assume a harmonic crystal potential (and hence internal energy) then
the thermal expansion coefficient would vanish. If a fourth-order model
is used (the third order expansion being unstable) we obtain

(2.96)

This expression is often simplified by the introduction of a Grüneisen
parameter  that absorbs the derivatives of the mode frequencies w.r.t the
volume, and that exploits the similarities of (2.90) and (2.96), to yield

.

2.5 Modifications to the Uniform Bulk Lattice

Up to now we have considered the perfect crystal to be infinitely
extended in space, which enabled us to make a straightforward ansatz for
the mechanical behavior of a crystal atom in the potential field of the
electrons. In reality semiconductor crystals are finite, subject to defects,
and terminated by surfaces. Semiconductor manufacturing is performed
for the most part by selectively growing and etching thin film layers at
the uppermost surface of a semiconductor wafer, and hence active
devices include a variety of material interfaces. Since the real crystal has
a modified structure, we will look at the implications for the phonons.
Surface phonons are dealt with in Chapter 7.

Point defects When a single atom in the lattice is substituted by another atom type with
different mass and/or a different binding force, the uniform lattice
description is no longer valid. Qualitatively, new spatially localized
phonon states become possible. These can be one of the following four
cases:
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• A: at a frequency higher than the optical branch, and,

• B: close enough to the optical branch to cause a splitting of its levels;

• C: between the optical an acoustic branch;

• D: within the acoustic branch.

The cases are illustrated in Figure 2.29. We now reconsider the diatomic

lattice, with masses  and , of Section 2.4.1 but with the mass of one
site slightly perturbed, i.e., replaced with a mass . The four cases are:

• , mass of type  is replaced;

• , mass of type  is replaced, i.e., in the gap;

• , mass of type  is replaced, i.e., in the gap;

• , mass of type  is replaced.

Introducing 
an Interface

The assumptions we have made about the bulk crystal lattice do not nec-
essarily hold at the interface, and as a result we can expect certain modi-
fications to the physical effects we have considered so far that should
account for its presence. One reason why material surfaces and interfaces
are important, is that we usually build devices on crystal surfaces; also,
many effects that are useful take place at material interfaces. By an inter-
face we denote that transition region between the bulk crystal and some
other substance, whether it is a solid, liquid or gas. Usually the interface

Figure 2.29. Positions of the four 
localized phonon states, due to 
point defects [2.12], on a 1D 
diatomic lattice density-of-states 
diagram.

A

C

D

B Optical Branch

Acoustic Branch

M m
µ

µ m M< < m

m µ M< < m

m µ M< < M

m M µ< < M



The Crystal Lattice System

90 Semiconductors for Micro and Nanosystem Technology

is only a few atomic diameters thick, and if it separates the crystal from a
liquid or gas, we usually denote it as the surface of the crystal.

A new crystal surface can be formed by etching into an existing crystal,
or by growing a crystal from a seed, or by cleaving an existing crystal
along one of its planes. An interface can be created by depositing another
material onto the crystal, or by performing a reaction on the crystal sur-
face that results in another compound being formed (e.g., by oxidation).

This section will only introduce a few important concepts. Surface phys-
ics is a large and active discipline and the interested reader is encouraged
to refer to a specialized text such as [2.2].

Dangling 
Bond

Immediately after a crystal surface is formed in a vacuum by cleaving,
the atoms at the surface have dangling bonds. In time, the atoms rear-
range themselves to assume a more energetically favorable configuration.
For example, the atoms, still bound to the underlying bulk material, will
relax to a lattice constant smaller (or larger) than the bulk value, to reflect
the fact that the bonding forces are one-sided in a direction normal to the
surface. Furthermore, the surface could buckle in shape so as to enable
the dangling bonds to create bonds with each other. In silicon, atoms on
the  surface can form a so-called  (or ) reconstruction
with -bonded chains [2.2], see Figure 2.30. In the atmosphere, we can
expect various gas atoms and molecules to attach to the dangling bonds.
For example, it appears that hydrogen preferentially bonds to silicon sur-
faces, a fact that influences for example the etch rate of silicon. We will
consider a simple model of a crystal surface to describe the modifications
to the bulk dispersion relation in Section 7.6.3.

Superlattices A superlattice is a term used for any lattice-like structure with a lattice
constant larger than that of the underlying crystalline material. Thus, e.g.,
when a crystal surface forms atomic rearrangements due to relaxation
effects, a superlattice is formed with a lattice constant that is often twice
as large as before. Epitaxially formed heterostructures such as found in

111<  > 2 1× 7 7×

π
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quantum-well semiconductor lasers also represent superlattices. We
expect the superlattice to have a local influence on the dispersion curve
because additional waves are admitted with another wavelength [2.2],
[2.16].

2.6 Summary for Chapter 2
The forces between the constituent atoms of a crystal lead to the
pseudoparticle of lattice vibrational energy: the phonon. From this view,
we obtain the dispersion curves for a solid with its different phonon
branches. The acoustic phonons, in the long wavelength limit, are the
elastic waves we know from a macroscopic viewpoint, and we com-
pletely recover the classical theory of elasticity. The high frequency opti-

Figure 2.30. (a) The Si -reconstructed surface imaged with a scanning tun-
neling microscope. The overlay indicates the various atomic positions in the DAS layer. 
The pictures (b) and (c) to the right are for comparison purposes, and show the first four 
silicon atom layers. (c) Shows a 3-dimensional view of the first four atom layers of the lat-
tice.
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cal phonons explain why a solid lattice is able to interact with light. With
the simpler harmonic model we already obtain useful expressions for the
heat capacity and thermal expansion. In Chapter 7 we will see that for a
realistic model of the heat conductivity, this model must be extended.
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Chapter 3 The Electronic 
System

Since the early days of discoveries on the nature of electrons, (we can
note in hindsight), the world hasn’t looked back. One notable laboratory
at Bell Laboratories, run by William Schockley, has brought us innumer-
able innovations to control and exploit the behavior of electrons in semi-
conductors, including the transistor, and establishing many of the key
ideas used in semiconductor circuits today that, upon reading in one sit-
ting, lets us amaze at how clear these pioneers already saw the end result.
Subsequent industrial innovations have not let us down, engineering ever
faster switching transistors and electronic circuits according to the famed
“law” of Gordon Moore, whereby miniaturization and speedup doubles
every one and a half years. The result: current laptop computers are as
powerful as the supercomputer of the author’s student days (but much
more reliable and comfortable to use!).

Chapter Goal Electrons move through crystals in special ways, and the mechanism is
dominated by quantum mechanics. The goal of this chapter is therefore to
introduce two topics:
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• Basic quantum mechanics;

• The semiconductor electronic system, and the band structure of sili-
con.

Chapter 
Roadmap

We start with the free electron, introducing the Schrödinger equation.
Next, the electron is bound by a variety of potentials. The hydrogen atom
represents the simplest quantum-mechanical model of an atom, with
good predictive qualities. This leads up to the periodic potential, a model
for the periodically-placed crystal atom potentials. This model naturally
leads to the concepts of a forbidden band, and band splitting. The chapter
wraps up with and expression for the effective mass of the bound elec-
trons.

In this chapter we take some space to explain the necessary mathematical
instruments and physical concepts to understand the quantum nature of
phenomena described in the book. You are strongly encouraged to care-
fully study the mathematical manipulations of wavefunctions, operators
and all the objects described in this chapter. Moreover, you should freely
work with all the objects and practise to manipulate them. Most of the
time you will gain a deeper understanding, and of course there is no risk
of doing any harm to them. The worst that can happen is that you might
not find any meaningful physical interpretation for what you did. For a
detailed understanding of specific topics special literature is given in the
references.

3.1 Quantum Mechanics of Single Electrons

Quantum mechanics describes the fundamental properties of electrons
[3.1], [3.2]. It tells us that both particle-like and wave-like behavior is
possible. In a semiconductor both types of behavior are observable. The
particle concept turns out to be an excellent description for a wide range
of classical phenomena and the most common applications. Modern
devices on the nanometer scale instead demonstrate the quantum nature
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Interference 
Experiment

The interference pattern on the screen shows the dependence of the inten-
sity on the acceleration bias for the electrons, which itself is a measure of
the momentum of an electron. The fact that the electron waves follow the
Bragg relation gives for the momentum and wavevector the relation

, where  is the Planck constant. Thus we describe the electrons
as a plane wave in the same way as we did for the lattice waves (Box
2.1). These waves have a frequency  and a wavevector k and are char-
acterized by the functions , , 
or linear combinations of them. An arbitrary linear combination ,
in general, is a complex scalar field. On the other hand, the particle’s
position x, its momentum p, charge q and many other properties that may
be determined by measurement are real quantities. Therefore, we need an
interpretation of the wavefunction.

Probability 
Density

The square modulus of the wavefunction  is interpreted as the
probability density of finding an electron at time t at position x. Thus for
a normalized wavefunction

(3.1)

holds, because the electron must be found with probability one some-
where in the physical domain . We implicitly assumed that the wave-
function is square-integrable, i.e., the integral over  exists. This is not
necessarily the case, as we shall later when dealing with free electrons.

 is called the norm of  and (3.1) is the standard form
for the numerical evaluation of the expectation values of operators. The
short-hand notation given by the last term in angle brackets is known as
the Dirac notation. Once we have defined the probability density

(3.2)

we calculate its moments. Remember that for a real mass density the
property corresponding to the first moment with respect to the position
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vector x is the center of mass. For the electron described in terms of a
wavefunction it is the average value of its position

(3.3)

In this case  is called the position operator. We shall use  to identify
operators whenever we are not dealing with a special representation. In
the position representation  is a vector with cartesian components x, y
and z.

Expectation 
Values

The result of (3.3) gives the most probable position where to find a parti-
cle. It is called the expectation value of the position operator. It is possi-
ble to calculate the expectation values of arbitrary functions of , such
as the variance of the position, which gives us important information
about the spreading of the wavefunction

(3.4)

An illustrative example is shown in Figure 3.2, representing a one-

dimensional wavefunction at  given by

x̂〈 〉 Ψ∗ x t,( ) x̂Ψ x t,( )
Ω
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Figure 3.2. A Gaussian-shaped 
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(3.5)

For the wavefunction of type (3.5)  holds.The spatial
wavefunction may be represented as a superposition of plane waves, i.e.,
as an inverse Fourier transform

(3.6)

The wavevector in (3.6) is the same as found in the momentum relation
above.

Position and 
Momentum 
Represen-
tations

 we call the wavefunction in position representation, more precisely
its spatial part.  we call the wavefunction in momentum representa-
tion. For the expectation value of the momentum we write

(3.7)

The important message in (3.7) is that the result of calculating an expec-
tation value does not depend on the representation of the wavefunction.
Note that when representing wavefunctions in position space the momen-
tum is a differential operator . This implies that the momentum
operator and the position operator do not commute, i.e., applying the
chain rule for differentiation we see that

(3.8)

holds. In other words, it makes a difference whether  or  is
applied to  and it does not give the same result. (3.8) is called the
commutator of the operators  and . If operators do not commute, i.e.,
the commutator has a non-zero value, this means that the respective
physical quantities cannot be measured simultaneously with arbitrary
precision.
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Uncertainty 
Principle

This leads directly to the uncertainty principle for operators, which is one
of the central points of quantum theory that has always been subject of
many discussions from the moment of its formulation. For the gaussian
wavefunction (3.5) centered at , the variances of the particles
position and momentum are

(3.9)

and

(3.10)

respectively.

One-
Dimensional 
System

Take a one-dimensional system with wavefunction  in its spatial
representation, that is defined in the entire interval . Suppose
that  and  hold. This assumption is not necessary but
taking arbitrary values for the expectation values of position and momen-
tum only makes the calculation more complicated without increasing the
understanding. The relation

(3.11)

is evident since the square modulus is positive in . Here  is an
arbitrary real constant. Talking into account (3.1), (3.3) and (3.7) and per-
forming integration by parts we obtain

(3.12)
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This inequality is to hold for arbitrary real . Thus,

(3.13)

must hold. (3.13) is called the Heisenberg uncertainty principle. Heisen-
berg derived it in 1925, and it gave rise to the creation of a new physical
discipline called quantum mechanics. The simple significance is that the
product of the variances of position and momentum has a minimum,
which is . Since it clearly derives from the commutator relations its
physical interpretation is that position and momentum may not be deter-
mined by measurement with arbitrary precision. Note that (3.13) only
gives a lower limit. Now, turning back to the example of a gaussian wave-
function we see that it is a function, we see that it is a function fulfilling
(3.13) exactly with the “=”-sign. Thus we call it a state of “minimal
uncertainty”.

3.1.2 The Schrödinger Equation

The quantitative description of wavefunctions was given by Erwin
Schrödinger in 1924. An example of a classical wave equation is a partial
differential equation of second order in space and time. The corpuscular
nature of the light field as discovered by Einstein relates the energy  of
the photon to the angular frequency of the electromagnetic wave by

, while its momentum is given by . The assumption of
De Broglie for those relations to hold also for particles together with

 led Schrödinger to take an equation of first order in
time. This equation of motion must read

(3.14)

which is a partial differential equation of first order in time and second
order in space. Note the fact that an imaginary coefficient of the time
derivative turns (3.14) into a wave equation. The spatial derivative of sec-
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ond order with its coefficient  is, according to the dis-
cussion about the momentum operator in 3.1.1, the operator of the kinetic
energy in a spatial representation. The equation of motion for the
Schrödinger field  in a potential is given by

(3.15)

 is called the Hamilton operator of a closed system if
 does not depend explicitly on the time variable . This means that

the solution of the system described by (3.15) is invariant under transla-
tions in time. Wavefunctions for which the energy has a specific value are
called stationary states. We denote them as  and call them eigenfunc-
tions of the Hamilton operator. All of them follow the equation

, which is called the eigenvalue equation for the Hamilton
operator. The total of eigenfunctions and eigenvalues is called the spec-
trum of the Hamilton operator. In this case we integrate (3.15) in time,
which gives

(3.16)

where the function  depends only on the coordinates. (3.16) gives the
time dependence of the wavefunction, while the spatial dependence and
the energy of the eigenstate must be found solving the respective eigen-
value problem resulting inserting (3.16) into (3.15)

(3.17)

Quantum 
Numbers

The numbers n counting the different energies are called quantum num-
bers. The stationary state with the lowest energy we call the ground state.
We recall some technical aspects from linear algebra:

• For every discrete eigenvalue problem, there might be multiple eigen-
values which results in different eigenvectors for the same eigenvalue.
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• With the knowledge of the whole energy spectrum, i.e., all the eigen-
values and eigenvectors that form a complete basis set, we may repre-
sent an arbitrary vector as an expansion into the eigenvectors.

(3.18)

• The eigen-vectors are orthogonal ( ). This means that
the “scalar product” as defined for the wavefunctions through (3.1) is
zero for  and one for .

The square moduli  denote the probability of finding the system in a
special eigenstate. The spatial probability distribution is given by

, it does not depend on time, which also holds for the
expectation values of operators that do not depend explicitly on time. All
those quantities are called conserved quantities. All conserved quantities
commute with the Hamilton operator, i.e., we may measure them at the
same time we measure the energy of the system. Nevertheless, they may
not always give the same result for their expectation values and seem not
to be uniquely defined in the case where there exist multiple energy
eigenvalues. Thus we need to know more about the system than only the
energy of the respective state or, in other words, in some situations the
energy spectrum does not contain enough information about the system
to be described uniquely.

When talking about conserved quantities, we may ask for the probability
flux through the surface  of a finite volume , i.e., the continuity equa-
tion for the probability density in the same way as it exists for the charge
density in electrodynamics. For this purpose, we integrate the probability
density (3.2) on the entire volume  and take its time derivative:

(3.19)
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where we used (3.15) and the fact that for the Hamilton operator
 holds. We use

(3.20)

and

(3.21)

which yields a continuity equation of the form

(3.22)

where  is the surface of the region . Here j is the current density vec-
tor, which is identified by

(3.23)

Current 
Density

This is the current density of probability or simply the current density.
For a given electronic system its expectation value multiplied by the unit
charge corresponds to a measurable electrical current density.
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Box 3.1. The Gauss Theorem.
The Gauss Theorem. Consider a vector field 

 and a volume element  with a closed sur-
face . The normal vector  of the surface 
points outward the volume element. Then we have 
the following relation between the surface integral 
and the volume integral of the vector field

(B 3.1.1)

This is called the Gauss theorem. Due to this 
equation the properties of the field inside  -espe-
cially its sources- are related to its properties at the 
surface – especially its flux.

This is also true for situations where the volume is 
a non simply connected region, i.e., there may be 
holes in .

In components we formulate the theorem for arbi-
trary dimensions D as follows

(B 3.1.2)

where the dots are to be replaced by a vector field, 
or even a scalar field, while . This 
means that the surface integral is related to the 
volume integral of the derivative of the field.
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Gauss 
theorem

Applying the Gauss theorem, (see Box 3.1), we see that

(3.24)

holds. (3.24) has a very simple interpretation: the change of probability
density with time in the volume  is caused by the flux through the sur-
face .

3.2 Free and Bound Electrons, Dimensionality 
Effects

Another more sophisticated point is the fact that the energy spectrum
may show a both discrete and a continuous part. This leads us to the fol-
lowing question: How does the spectrum depend on the imposed bound-
ary conditions?

To determine finally the functional form of the wavefunction, we need
information about these boundary conditions that the electronic system
has to fulfill. The resulting spectrum of observables will be discrete, con-
tinuous or mixed and allows us to talk about its dimensionality [3.1],
[3.2].

3.2.1 Finite and Infinite Potential Boxes

The One-
Dimensional 
Potential Box

The simplest case to study appears to be the one-dimensional potential
box with finite potential. The physical interpretation of its solution and
boundary conditions, and the transition to infinite potential walls, are
very instructive. Given the potential

(3.25)

td
d

Ψ 2 Vd∫ j Sd∫–=

Ω

Γ

U x( ) 0, x 0 a,[ ]∈
U0, x 0 a,[ ]∉




=
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the spectrum of the Hamiltonian will have both discrete and continuous
eigenvalues. The one-dimensional time independent Schrödinger equa-
tions read

(3.26a)

(3.26b)

The Schrödinger equation, as given in (3.26a) and (3.26b), are differen-
tial equations of second order. To find their solutions we must provide
additional information, i.e., conditions to hold in the physical domain 
or on its boundary.

• The probability density must be smooth at  and , and so
must be the wavefunction. This is because there are no sources or
sinks for the probability density, i.e., there is neither particle creation
nor destruction going on, i.e., (3.24) holds:

 and 

• For the same reason the flux of probability density must also be con-
tinuous at the interface and so

 and (3.27a)

. (3.27b)

The trial function for the solution of (3.26a) and (3.26b) is
. Inserting this, we obtain for 

(3.28a)

(3.28b)

d2

dx2
--------Ψ 2m

—2
-------EΨ+ 0 , for x 0 a,[ ]∈=

d2

dx2
--------Ψ 2m

—2
------- E U0–( )Ψ+ 0 , for x 0 a,[ ]∉=

Ω

x 0= x a=

Ψ +ε( ) Ψ ε–( )–( )
ε 0→
lim 0= Ψ a+ε( ) Ψ a ε–( )–( )

ε 0→
lim 0=

d
dx
------Ψ +ε( )

d
dx
------Ψ ε–( )– 

 
ε 0→
lim 0=

d
dx
------Ψ a+ε( )

d
dx
------Ψ a ε–( )– 

 
ε 0→
lim 0=

ψ const . λx( )exp⋅= λ

λ ik± 2mE–
—2

---------------  , for x 0 a,[ ]∈±= =

λ κ
2m U0 E–( )

—2
-----------------------------  , for x 0 a,[ ]∉±= =
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Bound 
Electrons, 
Free 
Electrons

There are harmonic solutions for , because the radicands in
(3.28a) and (3.28b) are always negative in this case and thus the solution
for  is imaginary. Electrons in these states are called unbound electrons
or free electrons. Their  is the well known wavevector  and their
wavefunctions do not necessarily vanish for . We shall discuss
their properties together with the free electron states. For now we are
interested in the solutions with energy eigenvalues , called bound
states. Their wavefunction decays exponentially in regions I and III (see
Figure 3.3). The plus sign in (3.28b) must hold for , while the

minus sign must hold for . In the regions I and III we call .
Inside the box we have a harmonic solution, with wavevector . Thus we
obtain

(3.29a)

(3.29b)

(3.29c)

The boundary conditions read

E U0>

λ

λ k
x ∞±→

E U0<

x 0<

Figure 3.3. Finite box potential in 
one dimension.

V x( )

V 0

a

x

0

x a> λ κ=
k

ψI x( ) = A κx( )exp

ψII x( ) = B ikx( )exp C ik– x( )exp+

ψIII x( ) = D κ– x( )exp
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(3.30a)

(3.30b)

(3.30c)

(3.30d)

Inserting (3.29a)-(3.29c) into (3.30a)-(3.30d), we obtain a linear system
of equations to determine A-D:

(3.31)

A solution can only be found if the determinant of the coefficient matrix
in (3.31) is zero:

(3.32)

With  we have  and we
may write (3.32) as

(3.33)

This equation must be solved either graphically, see Figure 3.4 and
Figure 3.5, or by numerical methods. A numerical solution of the dis-
cretized model for the discussed eigenvalue scenario may be counter-
checked in the special case with  where there is exactly
one bound state found with .

Note that only in special limiting cases can an analytical solution be
obtained easily. Usually, analytical methods end at a certain point and

ψI x 0=
= ψII x 0=

ψI' x 0=
= ψII' x 0=

ψII x a=
= ψIII x a=

ψII' x a=
= ψIII' x a=

1 1– 1– 0

0 eika e i– ka e κa––
κ ik– ik 0

0 ikeika ike– i– ka κe κa–

A
B
C
D

0=

2κk ka( )cos κ2 k2–( ) ka( )sin+ 0=

ak ξ= aκ 2mU0a2( ) —2⁄ ξ2– C2 ξ2–= =

2ξ C2 ξ2–
C2 2ξ2–

---------------------------- ξtan+ 0=

U0 —2 ma2( )⁄«
E0 U0 1 ma2 2—2( )⁄–( )≈
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have to be succeeded by numerics. Since semiconductor structures are
becoming more and more complicated, there is no way of dealing with
the electronic structure calculations in an analytical way. The reader may
now ask why all this rather theoretical material is discussed in detail

Figure 3.4. Graphical solution for equation (3.33). The intersection of the two expres-
sions  and , indicated by the circle, is the first solution 
point. Also see Figure 3.4.

Figure 3.5. Change in energy 
as a function of well width , for 
the first solution of equation 
(3.33), as given by the graphical 
solution (marked with a circle) in 
Figure 3.4. 

2ξ C2 ξ2–
C2 2ξ2–

-----------------------------
ξtan–

ξC

ξtan– 2ξ C2 ξ2–( ) C2 2ξ2–( )⁄

E
a

E

a
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here: simply because also the best simulation program is useless if there
is no understanding of how to obtain a rough estimate of what the result
has to be. We suggest implementing a simple numerical model for the
calculation of 1D eigenvalue problems as is shown in Figure 3.8 for the
harmonic oscillator potential.

Infinite Box 
Potential

We continue our discussion with the case where . A simple
physical argument tells us that for the energy of the system to be finite
(the same holds for many other observable quantities), the wavefunction
must vanish in the region where , i.e.,  for 
and  and for all . The trial solution for the wavefunction

 must fulfill the boundary condition
 and . This leads to , with

 and  integer and positive starting at . Inserting this
into the time–independent Schrödinger equation (3.17) gives us the
energy spectrum of the infinite box potential:

(3.34)

The normalized wavefunction reads

(3.35)

We give another explanation to approach the infinite box potential. Sup-
pose that  holds. Then there will be a part of the spec-
trum with low energies for which the wavefunction decays on a very
short length scale outside the box, i.e., the electron is completely trapped
inside the box.

Three–
Dimensional 
Potential 
Boxes

The above results lead us immediately to the case of an electron in a
three-dimensional potential box. Suppose the box is a cuboid region with

, , and . Inside the box ,
while outside . The energy spectrum looks like

U0 ∞→

U x( ) ∞→ ψ x( ) 0= x la≥

x 0≤ t
ψ x( ) B ikx( )exp C ik– x( )exp+=
ψ 0( ) 0= ψ a( ) 0= ψ x( ) B kx( )sin=
k nπ( ) a⁄= n n 1=

En
π2—

2ma2
-------------n2 , with  n 1 2 3 …, , ,= =

ψn x( ) 2
a
--- nπx

a
--------- 

 sin=

U0 —2 ma2( )⁄»

0 x a≤ ≤ 0 y a≤ ≤ 0 z a≤ ≤ U x y z, ,( ) 0=
U x y z, ,( ) ∞→
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condition for normalizing the eigenfunctions of a continuous spectrum.
We have chosen the expansion coefficients as  on purpose in order to
show that the situation of the gaussian wavefunction expanded in plane
waves is exactly such a case. The infinitely extended momentum eigen-
functions describe ideal situations having an exact value for the momen-
tum of the electron. According to the Heisenberg principle, allowing the
transition for the momentum variance to vanish, this yields an infinite
variance of its position such that their product is larger than . This
can only be a hand–waving argument to visualize the situation. Neverthe-
less, it gives a feeling for the consistency problems arising. The gaussian
wavefunction, in contrast, is an excellent example of a more realistic situ-
ation. Its interpretation is that of a moving electron having an expectation
value of momentum and position with their respective variances in accor-
dance with the Heisenberg principle. It is a more realistic situation
because the arrival of electrons at a certain position may be measured and
it coincides with an event of the measuring instrument. It is not possible
here to go deeper into this subject but nevertheless we want to draw read-
ers’ attention to the literature on the problem of measurement in quantum
mechanics.

The 
Continuous 
Spectrum of 
the Quantum 
Box

Suppose  in (3.28a) and (3.28b). Then the solutions in the three
regions I, II and III read

(3.42a)

(3.42b)

(3.42c)

where we have  and . In
Figure 3.3 a wavefunction for a free electron is indicated. The larger
kinetic energy in the box region yields a larger wavevector  and thus a
wavefunction oscillating faster in space.

φk

—2 4⁄

E U0>

ψI x( ) = a1 ikI x( )exp a2 ikI– x( )exp+

ψII x( ) = b1 ikII x( )exp b2 ikII– x( )exp+

ψIII x( ) = c1 ikIII x( )exp c2 ikIII– x( )exp+

kI III, 2m E U0–( ) —⁄= kII 2mE —⁄=

k
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3.2.3 Periodic Boundary Conditions
A practical approach to set boundary conditions would be to have an infi-
nite box potential with a large extension from  to  forcing
the wavefunction to vanish on the boundaries. This seems to be artificial:
because of the vanishing wavefunction it is hard to imagine how elec-
trons get into or out of the sample. There is another way of introducing
boundary conditions for free electrons in one dimension that requires the
wavefunction to be periodic, i.e., . This allows us to have
plane wave solutions for the Schrödinger equation, that are normalized to
the length :

(3.43)

Applying periodic boundary conditions the wavevector is restricted to

(3.44)

Taking , i.e., in multiples of the atomic spacings, there are 
discrete values for  to fulfill the periodic boundary condition.

3.2.4 Potential Barriers and Tunneling

Let us discuss the situation inverse to that given in Figure 3.3, i.e., a
potential of the form

(3.45)

(see also Figure 3.6). We insert the potential (3.45) into the Hamiltonian.
Again we choose  as the trial solution. Thus we
obtain

(3.46a)

x 0= x L=

ψ 0( ) ψ L( )=

L

ψ x( ) L( ) 1 2/– ikx( )exp=

k 2πn
L

----------=

L N a⋅= N
k

U x( ) U0, x 0 a,[ ]∈

0, x 0 a,[ ]∉



=

ψ const. λx( )exp⋅=

λ i± kI
2mE–
—2

---------------  , for x 0 a,[ ]∉±==
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(3.46b)

There are no bound states in this case because the region where harmonic
solutions exist is infinite. The states with energies  show the
inverse behavior as for the box potential (3.25). This is indicated in
Figure 3.6. Remember that there exist solutions that decay exponentially
inside the barrier and extend to infinity on either side of the barrier for

.

We analyze this situation further. Consider a free electron impinging the
barrier from region I to have a definite wavevector . Thus our trial
functions read

(3.47a)

(3.47b)

(3.47c)

We assume the impinging wave to have unit amplitude ( ) and fur-
ther that there is no wave travelling from region III towards the barrier
( ). Note that . On either side of the barrier the condi-
tions for the continuity of the wavefunction  and its spatial derivative

Figure 3.6. Barrier potential and 
sketched real part of a harmonic 
wavefunction hitting the barrier 
with energy , i.e., 
smaller than .

E V 0 2⁄=
V 0
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0 a x
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kI

ψI x( ) = a1 ikI x( )exp a2 ikI– x( )exp+

ψII x( ) = b1 kII x( )exp b2 kII– x( )exp+

ψIII x( ) = c1 ikI x( )exp c2 ikI– x( )exp+

a1 1=

c2 0= kI kIII=
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 must be fulfilled. This yields a system of four equations that
determine the four remaining coefficients . The solu-
tions reads

(3.48a)

(3.48b)

(3.48c)

(3.48d)

with .In
Figure 3.6 the real parts of the different superposing wavefunctions are
sketched for values  and . There are several remarkable
features to discuss:

Reflection, 
Transmission 
and 
Tunneling

•  is non-zero for . In this case the particle behaves rather
wave-like. This is very similar to a light-wave going through materi-
als with different refractive index. There is always a reflected and a
transmitted part, i.e.,  and .

• For  the situation changes. We find resonances for the trans-
mission at  with  an integer. There is no reflection in
this case, whereas there is always a transmitted part, i.e., .

Reflection and transmission are not uniquely defined by the amplitudes
of the partial waves alone. Therefore, we define the reflexivity  as the
quotient of reflected and incoming current density; the quotient of trans-
mitted and incoming current density we call the transmitivity :

(3.49a)

(3.49b)

In the case where there is neither creation nor destruction of particles,
 must hold. In Figure 3.7  is shown with increasing energy

 of the incoming wave. There are well defined resonances where the

dψ dx⁄
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whole incoming wave is transmitted.  also shows pronounced minima
for , which one does not expect in a classical behavior.

3.2.5 The Harmonic Oscillator

In Section 2.4.1 the normal modes of vibration for a lattice were intro-
duced. It has been shown that in a first approximation the Hamilton func-
tion of the total lattice vibration is a sum of non-interacting harmonic
oscillators. The quantization of the lattice vibrations has been presumed
in 2.4.1 to explain the discrete nature of phonons. The intercommunity
with electrons crops up due to the form of the potential energy.

Harmonic 
Oscillator 
Potential

 is the potential energy of a linear harmonic oscillator in
one dimension. The Hamiltonian for a particle moving in such a potential
reads

(3.50)

The potential energy U goes to infinity as . Therefore, the parti-
cles’ wavefunction must go to zero for . The resulting spectrum
of the Hamiltonian will be discrete, with energy eigenvalues  and the
respective eigenfunctions . The variable

denotes the amplitude of the oscillator spring or the position of the

Figure 3.7. Transmission proba-
bility  versus .  is measured 
in multiples of .
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electron in the harmonic potential. This is why both phenomena may be
described in the same way.

We describe the oscillator in the q-representation. This means that the
momentum operator is given by , and the commutator is

. The time–independent Schrödinger equation reads

(3.51)

With the coordinate transformation (3.51) reads

(3.52)

The operator in braces in (3.52) has the form 
and thus may be written as

(3.53)

With the definitions of the operators  and  as given by the under-
braces in (3.53) and shifting the zero point of the energy according to

, the Schrödinger equation reads

(3.54)

This simple form allows us to calculate the wavefunctions very easily.
We calculate the commutator of  and , which gives

(3.55)

Take the ground–state function  that has the lowest energy eigenvalue
. Let the operator  act on both sides of (3.54)

p̂ i—– d dq⁄=
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2m
-------– 
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(3.56)

which gives with (3.55)

(3.57)

or

(3.58)

(3.58) means that there is a ground state  with an even smaller
energy than . This is contradictory to the presupposition that  be
the ground state. Even if the first choice of  had not been the right
ground state, repeated execution of the operation in (3.56) would lead us
to an energy eigenvalue . This cannot be, since the potential
energy is bound, with its minimum at . On the other hand, (3.56)
is a valid equation with a valid operation. Thus the only solution is that

. Inserting the definition of the operator  given in (3.53)
yields

(3.59)

with the solution

Ground–State 
Oscillator 
Wavefunction

(3.60)

 implies that the l.h.s. of (3.54) is zero for the ground–state
wavefunction and thus we have . This gives us the ground state
energy . We perform the same operation as in (3.56), now
letting  act on the Schrödinger equation for the ground state, which
gives

(3.61)

—ω bb+b ψo Eo
′ bψo=
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′ bψo=
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-----– 
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Considering the commutator for the operators  and  we obtain

(3.62)

Obviously  is an eigenvector of the operator  with
eigen-value .

Number 
Operator

Repeating this procedure n times we obtain the n-th eigen-vector 
with eigen-value  (remember ). Thus we have

. The quantum number n characterizes the oscillator
and is the eigenvalue of the quantum number operator . The normal-
ized wavefunction for an arbitrary excited state with quantum number n
reads

Excited State 
Wave-
Function

(3.63)

where  indicates the Dirac notation of a quantum state with  excited
oscillator quanta and  describes the oscillator vacuum with no quanta
present. Hence we have, from , the number of oscillator quanta incre-
mented by one, and applying on  results in

(3.64)

while applying  yields

(3.65)

Bosons Note that the oscillator quantum number can be arbitrarily large for a
given state. This is the case for particles that follow Bose statistics (see
Chapter 5) and therefore these particles are called bosons.

Minimum 
Uncertainty

The quantum mechanical harmonic oscillator states apply for the descrip-
tion of various different phenomena and not only in semiconductors. In
addition, it has a very important property because the ground–state wave-
function fulfills the equality in (3.13), i.e., the wavefunction is a quantum
state of minimum uncertainty. This is easily shown by calculating the

b+ b
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variances as (3.9) and (3.10). We recall the transformation
, thus we have the momentum operator given by

. Since the potential is symmetric
about  we have  and . We calculate  and

:

(3.66a)

(3.66b)

and thus their product yields

(3.67)

A numerical treatment of the harmonic oscillator problem together with
the plots of eigenfunctions is given in Figure 3.8.
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Figure 3.8. A harmonic potential 
is indicated by the gray shaded 
background. The black lines to the 
left show the symmetric eigen-
modes of this potential, aligned 
with their respective energy eigen-
values. The black lines to the right 
are the anti-symmetric eigen-
modes, similarly aligned.
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3.2.6 The Hydrogen Atom
The paradigm for the electronic states of a central symmetric potential is
the hydrogen atom since it consists of one proton in the nucleus sur-
rounded by one electron. It helps in understanding the principle of elec-
tronic states of atoms which is similar to the electronic states of defects
and traps for electrons in the semiconductor or even helps to understand
the formation of a band structure. We shall not go into details of the deri-
vation but we shall have a closer look at the form of the electronic states.

Coulomb 
Potential

The Coulomb potential of the proton is spherically symmetric in three
dimensions, which means that it depends only on the distance r of the
symmetry center  (e is the unit charge). The best choice
to tackle the problem is spherical coordinates, with the radius vector r
given by its modulus , the polar angle  and the azimutal angle . The
Hamilton operator thus reads

(3.68)

To solve the Schrödinger equation we must write the  in spherical
coordinates, which reads

(3.69)

Inserting (3.69) together with (3.68) and solving the respective
Schrödinger equation is beyond the scope of this book. We restrict the
discussion to an interpretation of the electronic wavefunction and an
illustration of the atomic orbitals.

The common approach to calculate the bound electronic states of the
hydrogen atom (energy ) starts with a product trial function for the
wavefunction . Then the Schrödinger equation sep-
arates into two eigenvalue problems, one for the radial motion ( )
and one for the angular motion ( ). The solutions of the angular
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part are the spherical harmonic functions  (see Table 2.2). The
radial functions are , where the  follow a dif-
ferential equation of Laguerre type, and are shown in Figure 3.9• for dif-

ferent . The wavefunction  (see Table 3.1) has three
integer parameters:

• : the quantum number of radial motion,

• : the first quantum number of angular motion,

• : the second quantum number angular motion
(note that  is an integer, not to be confused with the mass of the
electron).

Y l
m θ φ,( )

R r( ) Rn l, r( ) r⁄= Rn l, r( )

Figure 3.9. The radial wavefunction  for different  and .Rn l, r( ) n l

n l,( ) ψn l m, , r θ φ, ,( )

n

l 0 1 … n 1–, , ,=

m 1– … 1, ,=
m

1

5

1

5

11

1 1 1

1
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Degenerate 
Spectrum

Each quantum state represents an atomic energy level  that is typi-
cal for the hydrogen atom, i.e., typical for the potential energy given in
the Hamiltonian (3.68). There are nevertheless sets of quantum numbers,
i.e., well distinguishable wavefunctions, that have the same energy eigen-

Table 3.1. The wavefunction .

n l m

1 0 0

2 0 0

2 1 0

2 1 ±1

3 0 0

3 1 0

3 1 ±1

3 2 0

3 2 ±1

3 2 ±2

ψn l m, , r θ φ, ,( )

ψn l m, , r θ φ, ,( )

γ 2
3 2⁄

π
---------- ⋅

r–( )exp

γ 2
3 2⁄

π
---------- ⋅

1 r 2⁄–( ) ⋅ r 2⁄–( )exp

γ 2
3 2⁄

π
---------- ⋅

r ⋅ r 2⁄–( )exp θcos

γ 2
3 2⁄

2π
----------

r r 2⁄–( )exp θe iφ±sin

γ 2
3 2⁄

3 π
----------

2 2r– 2r2+( ) r 3⁄–( )exp

2γ 2
3 2⁄

3π
-----------------

2 r 3⁄–( )r r 3⁄–( )exp θcos

γ 2
3 2⁄

3π
----------

2 r 3⁄–( )r r 3⁄–( )exp θe iφ±sin

γ 2
3 2⁄

3 2π
--------------

r2 r 3⁄–( )exp 3cos2θ 1–( )

γ 2
3 2⁄

3π
----------

r2 r 3⁄–( )exp θcos θe iφ±sin

γ 2
3 2⁄

2 3π
--------------

r2 r 3⁄–( )exp sin2θe 2iφ±

En l m, ,
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value. This multiple eigenvalue phenomenon is well known from linear
algebra, and is called degeneracy. All energies of the hydrogen spectrum
with equal quantum number  are degenerate. Note that the Pauli princi-
ple is still valid, because the wavefunctions are different. This degener-
acy can be lifted by adding a potential that acts on the respective
wavefunctions differently for different quantum numbers. In fact, nature
provides us with such additional interaction potentials and an exact mea-
surement of the spectrum a hydrogen atom does not show theses degener-
acies. The conclusion is that our model is too simple. Nevertheless, it
explains the principles that the electronic system of atoms follows. One
major incompleteness is that for many-electron systems the Coulomb
interaction between the electrons must be taken into account. This makes
the Schrödinger equation highly non-linear and thus other techniques
including numerics must be used. Moreover, if we want to understand the
formation of crystal symmetry by just putting atoms together, this inter-
action is responsible for the details in the electronic band structure.

Scattering So far we have only dealt with the bound states of the atom and an elec-
tron occupying one of them. There is no dynamics in this picture,
because there is no process represented by an interacting potential that
might change this static situation. Suppose a free electron collides with
the atom, then there are several possibilities:

• the electron gets trapped and subsequently occupies a quantum state
of the atom, it emits a photon carrying away the energy difference
between the free state and the bound state;

• it is scattered and moves on with a different wave-vector, there is a
momentum transfer and an energy transfer between the electron and
the atom;

• the transferred energy excites a bound electron already occupying a
quantum state, the free electron moves on with a lower kinetic energy,
the bound electron either occupies an excited state higher in energy,
or even leaves behind an ionized atom moving freely;

n
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• the excited electron bounces back to its ground state, emitting a pho-
ton.

All those processes require the transitions of electrons between different
electronic states. The scenario described above is what happens in a gas
discharge lamp. The analogous process can be found in the conduction
band of a semiconductor where an electron is hitting a defect atom that
has a spectrum of localized electronic states below the conduction band-
edge. The energy scale is of course one order of magnitude lower and
there are additional degrees of freedom to which the excess energy of the
electron may be transferred, e.g., phonons.

The quantum mechanical description of the electron as given above
focused on the stationary states of the electrons. Now the time depen-
dence of the Schrödinger equation has must be exploited.

3.2.7 Transitions Between Electronic States
The superposition of the time–dependent solutions of the Schrödinger
equation (3.16) gives the general form of the wavefunction with arbitrary
initial conditions

(3.70)

where  and the  in (3.70) are the solution of the sta-
tionary eigen-value problem

(3.71)

The coefficients  are determined by the initial condition, i.e.,
. The superscript 0 of the wavefunction and the

subscript 0 of the Hamiltonian indicate the unperturbed stationary prob-
lem.

Ψ0 x t,( ) cn iωnt–( )ψn x( )exp
n
∑=

ωn En —⁄= ψn x( )

Ĥ0ψn Enψn=

cn

cn ψn x( ) Ψ0 x 0,( )〈 | 〉=
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(3.76)

For the following we assume that the perturbation is switched on instan-
taneously at  and is subsequently constant. Then the  are given
at  by the initial condition. We choose  and 
for . For very short times after  the situation has not changed
very much so that we insert the initial condition in (3.76):

(3.77)

(3.77) can be easily integrated to give

(3.78)

The change in the probability of finding the system in a state  is given
by . This is the squared modulus of (3.78), which reads

(3.79)

Transition 
Rate

(3.79) is the probability density of finding the system at time  in  if it
has been found in  at time . The transition rate from  to  is
given by

(3.80)

In the long time limit

(3.81)
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When the impact of the switched on interaction is over we obtain

(3.82)

(3.82) is a very important result, called the Fermi golden rule. The transi-
tion rate from state  to  is determined by the squared matrix element
of the  of the perturbing potential, where the delta-function 
ensures that the energy is conserved.

The approach of constant perturbation in this section can be extended to
potentials which vary arbitrarily in time. We will not go into detail but
rather explain the result. Let  be a perturbation
varying with a fixed frequency  and an amplitude . Then the transi-
tion rate becomes

(3.83)

The difference between (3.83) and (3.82) is that the energies  and 
of the initial and final states differ now by , which is the energy of the
special perturbation mode with frequency . We already know that elec-
trons couple to periodically oscillating phenomena such as phonons and
electromagnetic waves. Hence, (3.83) will be the basis for describing the
scattering events that electrons in a conduction band of a semiconductor
experience.

3.2.8 Fermion number operators and number states
In the same manner as for the harmonic oscillator we represent the quan-
tum state of a fermion by means of a creation operator  and a destruc-
tion operator  using the Dirac notation. Defining a fermion vacuum 
we have 

(3.84)

Γmk
2π

—
2

------ V mk
2δ ωmk( )=

k m
V mk δ ωmk( )

V ω t,( ) V 0 ωt±( )exp=
ω V 0

Γmk
2π

—
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2δ ωmk ω±( )=

Em Ek
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c+

c 0| 〉

cλ
+ 0| 〉 λ| 〉=
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for an electron placed in specific state . For the reverse operation we
have

(3.85)

where an electron has been moved out of the state . We must take into
account that only one fermion may occupy a quantum state that is
uniquely defined by its quantum numbers . Therefore, trying to put
another electron in  must yield a zero eigenvalue

(3.86)

and the same must hold for twice trying to remove an electron from 

(3.87)

The action of the operator  on an arbitrary state  yields

(3.88)

which means that, regardless of whether the state  is occupied or unoc-
cupied, the resulting eigenvalue is 1. This leads us to the definition of the
anti-commutator product

Anti-
commutator

(3.89)

We use curly brackets to indicate the anti-commutation relation. Note the
difference in the sign when compared to the commutator of oscillator
creation and destruction operators (3.55).  is still the correct
number operator. In the case of fermions, the number operator’s eigenval-
ues are either 1 or 0 and indicate whether a particle in the respective state
is present or not.

λ

cλ λ| 〉 0| 〉=
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λ

λ
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2
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3.3 Periodic Potentials in Crystal
Lattice periodic structures create a very special situation for the elec-
trons. Thus the properties of electrons in such kinds of potentials are dif-
ferent from those of a free electron [3.3]–[3.5].

3.3.1 The Bloch Functions

Symmetry A perfect crystal has a given periodicity. The special property of the elec-
tronic potential V is that it has exactly the same periodicity, i.e.

(3.90)

where l is a arbitrary lattice vector as discussed in Chapter 2. We write
(3.90) as , where we used the translation
operator , that transforms a function to its value at the place shifted
by the lattice vector l from the input. Operating on the product

 it is shifted by l. Since the Hamiltonian is invariant under
translation, we have

(3.91)

which means , i.e.,  and  commute. This
implies that  is also an eigenfunction of , which means

. Applying the translation operator  times yields
. Since the wavefunction must be bound .

Suppose  and replace l by –l, than again the wavefunction would
not be bound in the inverse direction, thus only  remains as a
solution. Let us write  and therefore

. To fulfil this we write the wavefunction as

(3.92)

where  is a lattice periodic function

(3.93)

V x l+( ) V x( )=

T l( )V x( ) V x l+( ) V x( )= =
T l( )

Ĥ x( )Ψ x( )

T l( )Ĥ x( )Ψ x( ) Ĥ x( )Ψ x l+( ) Ĥ x( )T l( )Ψ x( )= =

T l( )Ĥ x( ) Ĥ x( )T l( )– 0= T Ĥ
Ψ x( ) T

TΨ x( ) λΨ x( )= n
T nΨ x( ) λnΨ x( )= λ 1≤

λ 1<

λ 1=
λ ikl( )exp=

Ψ x l+( ) ikl( )Ψ x( )exp=

Ψ x( ) ikx( )uk x( )exp=

uk x( )

uk x l+( ) uk x( )=
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Equation (3.92) together with (3.93) is called the Bloch theorem. Thus
electronic wavefunctions in a perfect crystal lattice are plane waves mod-
ulated by a lattice periodic function. We immediately recognize that the
problem left is to determine the form of . Therefore, we insert
(3.92) into the stationary Schrödinger equation, which gives

(3.94)

We see that  and  depend on the plane wave-vector k. In addi-
tion, (3.94) allows for given k a series of eigen-values accounted for by
the index j.

3.3.2 Formation of Band Structure

To construct a simple model semiconductor we take a one-dimensional
potential composed of barriers repeated periodically with the periodicity
length , e.g.

(3.95)

as sketched in Figure 3.10. We insert (3.95) in (3.94) and solve the one-

dimensional eigenvalue problem with the ansatz

uk x( )

—2

2m
------- k2 2ik∇ ∇2––( ) V x( )+ uk x( ) Ek j, uk x( )=

uk x( ) Ek j,

L a b+=

V x( ) V 0, x b– 0,[ ]∈

0, x 0 a,[ ]∈



=

Figure 3.10. Bloch waves in a 
periodic crystal lattice potential.
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V 0

b–



The Electronic System

134 Semiconductors for Micro and Nanosystem Technology

(3.96)

where  and . To solve for the coef-
ficients A, B, C and D in (3.96) we apply the boundary. The wavefunc-
tions and their derivatives must be equal at  (  and

), and the wavefunctions and their derivatives at
 must equal those at  (  and

). This gives us a homogeneous system of four linear
equations, which has only non-trivial solutions if its determinant is zero,
which yields

(3.97)

We see that already for the simple periodic potential barrier model (3.97)
cannot be solved analytically. A graphical solution is given in
Figure 3.11.

u x( ) Ae i k κ–( )x– Be i k κ+( )x–+( ), for  0<x<a

Ce ik λ–( )x– De ik λ+( )x–+( ), for  -b<x<0



=

κ 2mE —⁄= λ 2m V 0 E–( ) —⁄=

x 0= u1 0( ) u2 0( )=
u′1 0( ) u′2 0( )=
x b–= x a= u1 a( ) u2 b–( )=
u′1 a( ) u′2 b–( )=

λ2 κ2–
2κλ

----------------- λb( )sinh κa( )sin λb( )cosh κa( )cos+ kL( )cos=

Figure 3.11. Graphical solution 
for equation (3.97) that shows the 
emergence of allowable energy 
bands.
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Compare this result with the case of a single potential box given in Sec-
tion 3.2.1. The major difference is that in the periodic case there are
regions of  where a whole continuum of solutions is possible, whereas
in the single well case we have only discrete values.

Moving 
Atoms 
Together

The transition between the two situations can be easily seen by making 
in (3.97) very large. In this way we recover (3.32) from (3.97). This pro-
cedure corresponds to moving atoms away from each other. Another
effect is given by adding to a single well potential a second identical
potential box at a distance , then a third one and so on. The case of two
potential boxes at distance  gives rise to the question of what happens
with the lowest energy levels that each box contributes to the total sys-
tem. This is shown in Figure 3.12. The levels split in energy symmetri-

cally around the solution for . Imagine that we fill one electron in
this system and it will occupy the lower of the two levels, then the total
energy is less than for an electron sitting in one box with the other at an
infinite distance. Since systems tend to occupy the lowest possible
energy, this means that the boxes experience binding, i.e., attraction due
to quantum mechanical properties of the system. If we think of the boxes
as two atoms, we can observe the formation of molecules. This is not the
whole truth because positively charged atomic bodies will repel each
other. Hence there is binding only if the total energy of electrostatic

κa

b

b
b

Figure 3.12. For two potential 
boxes of distance  apart, the 
energy levels tend to split with an 
amount that increases with 
decreasing .

b

b
b

E

b ∞→
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repulsion and quantum mechanical attraction has a minimum for a finite
.

3.3.3 Types of Band Structures

Valence and 
Conduction 
Bands

The graphical solution of (3.97) as given in Figure 3.11 provides us with
the possible electronic states that can be occupied by electrons. In a semi-
conductor the Fermi energy lies in the gap between two bands, i.e., there
is an uppermost completely filled band called the valence band. The fol-
lowing unoccupied band is called the conduction band. As we shall see in
Section 5.4, this band contains a certain number of electrons depending
on the temperature of the electronic system.

Si, Ge, GaAs The wave-vector  entering the r.h.s. of (3.97) so far was taken in its lim-
iting cases  and , resulting in the upper and lower
bounds of the bands by the fact that  and . We
know ask for the structure of the bands in between those two limits for
arbitrary . From Section 2.2 we know that this corresponds
to the center and the edge of the Brillouin zone. The crystal structure is
not isotropic and therefore we shall have different band structures in the
respective crystal directions. This leaves us with a function , where
i is the band index in Figure 3.11 and  is now a real three-dimensional
vector. In Figure 3.13 the typical band structure for cubic crystals is
shown in different crystallographic directions. There are several things to
observe in Figure 3.13:

• after passing the edge of the Brillouin zone they periodically repeat;

• the valence band, i.e., the uppermost occupied band is separated by an
energy gap  from the conduction band (the valence bands are high-
lighted);

• in general, the minimum energy of the conduction band is not neces-
sarily found at the same k-value as the maximum of the valence band
(points B or D are lower in energy than point C). This is called an
indirect band gap as is the case for Si and Ge. GaAs shows a direct

b

k
k 0= k π L⁄=

0cos 1= πcos 1–=

k 0 π L⁄,[ ]∈

Ei k( )

k

Eg
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band gap, i.e., the minimum of conduction band energy is found at the
same k value as the maximum of the valence band energy;

• there are multiple valence bands found, the so called light-hole band
and heavy-hole band.

Real Band 
Structures

Figure 3.13 is a schematic diagram of how the band structures appear. In
fact, nobody can tell either by experiment or calculation exactly what the
upper edge of the conduction band looks like. The calculations need
assumptions that might not be enough to determine the band structure in
the whole Brillouin zone. Most of the calculations have to be corrected
with the experimental data available. A standard technique in calculating
band structures is the Linear Combination of Atomic Orbitals (LCAO),
also called the tight binding method, see Box 3.1. This method was
sketched in Section 3.3.2 using very simple atomic orbitals. In principle,
the atomic structure must be known, as discussed in its basic principles
for the hydrogen atom in Section 3.2.6. The LCAO method is the starting
point for more sophisticated methods used today. Nevertheless, there is
always a correction of input parameters by comparison with experiment.

Figure 3.13. Band structures of 
cubic crystals. The circles denote 
important extremes of the bands. 

 is the valence band energy at 
the center of the Brillouin zone 
[000].  is the conduction band 
energy at the Brillouin zone edge 
in the [111] crystal direction.  is 
the conduction band energy at the 
center of the Brillouin zone [000]. 

 is the conduction band mini-
mum in the [100] crystal direc-
tion. The energy values of these 
points determine if we have a 
direct or indirect band gap.

A

B
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Box 3.1. The tight binding LCAO method [3.6]–[3.8].
Tight Binding. If we make the bold assumption 
that the wavefunctions of crystal atoms are only 
slightly perturbed from their free state, and we 
severely limit the interaction between atoms to 
those of nearest neighbors only, and we only con-
sider the most essential of the “free” atom’s orbit-
als, then a particularly straightforward calculation 
of the crystalline band structure becomes possible 
that correctly predicts the bands of the tightly-
bound valence electrons.

Hamiltonian. The crystal electron’s Hamiltonian 
is written as . We 
assume that the basis states are the  and 
states. Since each of these four states ( , , , 

) can occur for each of the two Si sites in the 
unit cell, the Hamiltonian will be an  matrix.

Basis states. The crystal basis states are

(B 3.1.1)

for each of the two types of atoms, i.e., .

Hamiltonian Matrix. For the diamond structure 
only four parameters are unique when we evaluate 
the matrix elements by , i.e.

(B 3.1.2)

We also obtain the phase parameters

(B 3.1.3)

and the factors

(B 3.1.4)

The Hamiltonian matrix now becomes

(B 3.1.5)
Computed Band Structure. We can now evalu-
ate the Hamiltonian matrix using numerical values 
for the parameters (see [3.6]). If the eigenspec-
trum is plotted along the lines of high symmetry of 
the Brillouin zone we easily obtain the familiar 
band structure shown in Figure B3.1.1. This 

should be compared to the actual band structure of 
silicon shown in Figure 3.13.
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Figure B3.1.1. The LCAO approximation for the 
band structure of silicon. Note that the 
conduction bands are quite wrong, for the figure 
predicts an almost direct band gap.
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The main features of a band structure as discussed in Figure 3.13 are
experimentally well known and are therefore the corner pillars that any
calculation must reproduce.

3.3.4 Effective Mass Approximation

Tensor A closer look to the band extremes indicates that electrons close to those
points are well described with a quadratic energy dispersion as for the
free electron if we approximate the local behavior around these points by
a parabolic band structure. The center of the Brillouin zone in the con-
duction band as shown in Figure 3.13 shows this quadratic dependence of
the energy  on the wave vector . The energy of a free electron is given
as . Hence we can approximate the electronic behavior
at point C in Figure 3.13 by taking the second derivative of the energy
with respect to 

(3.98)

(3.98) allows us to use the dispersion relation 
near the conduction band minimum. The mass calculated by (3.98) in
general is not equal to the free electron mass. Moreover, it is a tensor–
like quantity that depends on the direction in k-space where the respec-
tive derivative is taken. This is why it is called the effective mass. There-
fore, in this sense the electron is a quasi–particle, as will be discussed in
Section 5.2.4, that only behaves like a free electron but with a changed
mass. The importance of this approximation will become clear with the
fact that most electrons are to be found at the band edge minimum at

. Therefore, it will be the effective mass that enters all rela-
tions of electronic transport.

Anisotropy The definition given in (3.98) immediately suggests that there must be
some remainders from the crystal anisotropic structure inside the elec-
tronic mass. Indeed, the masses in different semiconductors depend
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strongly on the crystal direction or the direction in the reciprocal lattice.
In silicon, e.g., the conduction band minimum is at point D (see
Figure 3.13). This leaves us with six equivalent valleys in the [100] crys-
tal direction as we know from Section 2.2.1. In this direction the elec-
tronic effective mass is  while in the perpendicular two
directions we obtain , with the free electron mass

. This will be of importance when it comes to apply-
ing an electric field to induce a current, then the crystal direction deter-
mines the conductivity (see Chapter 6).

3.4 Summary for Chapter 3
The chapter started with the free electron, which introduced wavefunc-
tions and the Schrödinger equation. We saw that physical observations
are the interpretation of a resultant wavefunction. This wavefunction has
undergone a variety of wavelike interferences on its way through space.
Next, the electron was bound to the potential of the hydrogen nucleus.
This made visible the bonding orbitals that we met in Chapter 2, the
atomic potential, and the electronic levels of an atom. Placing many
atoms in a regular crystal lattice, we obtained a periodic potential. Even
with a simple box potential as a primitive model for the atomic potential,
we already saw the emergence of a band structure. This model also pro-
duced a forbidden band, and band splitting as interatomic distance was
varied. Once we obtained the band structure of silicon, we saw that only
a small region in k-space, right around the minimum of the conduction
band and the maximum of the valence band, is where the important
action takes place. In these regions, the carrier bands can be assumed par-
abolic, again a harmonic model. From the second derivatives of the bands
we obtain the effective mass of the carriers, a property we will need to
compute the flow of electrons through the crystal.

mL 0.91m0=
mT 0.19m0=

m0 9.1 10 27–× kg=
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Chapter 4 The 
Electromagnetic 
System

Electrodynamics has had an unprecedented technological impact on our
everyday lives. The phenomena that collectively belong to the field span
many orders of magnitude, and include long wavelength radio signals,
millimeter wavelength microwaves at airfields and in the kitchen, light all
the way between infrared, visible and ultraviolet wavelengths, and higher
still all the way to harmful ionizing radiation. As long as we consider the
free propagation of electromagnetic waves, one theory covers it all—a
remarkable discovery.

James Clarke Maxwell (1831–1879) culminated the search for a unified
electromagnetic theory that could explain all the effects of “electricity” in
one formalism. In truth, Maxwell’s formalism was correct but cumber-
some. Oliver Heaviside (1850–1925), a pioneer in his field, a great
admirer of Maxwell and a champion of the use of vectors, first formu-
lated the electrodynamic equations as we know them now. In parallel,
Heinrich Herz (1857–1894) did the same, and for a brief period in history
the one or the other name was associated with the equations. It was only
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in following the usage established by Albert Einstein (1879–1955), in his
seminal work on the photoelectric effect, that we now call the governing
electrodynamic equations the Maxwell equations. Einstein went on to
unify space-time electromagnetic theory in his work on relativity, result-
ing in a single expression for the Maxwell equations.

At interaction dimensions of the order of atomic spacings and smaller,
we have to also include the rules of quantum mechanics. We consider
both viewpoints.

Chapter Goal Our goal for this chapter is first to obtain a complete description of classi-
cal electrodynamics, and then to extend this model of radiation to a quan-
tum viewpoint.

Chapter 
Roadmap

Our road map is as follows: to state the Maxwell equations, quantify the
concepts leading to electro-quasi-statics and magneto-quasi-statics, and
to their completely static counterparts. Next, we take a closer look at
light, which is that part of the electromagnetic spectrum that ranges from
the near infrared all the way through to the near ultraviolet, by treating
both its wave-like and particle-like characteristics. There will be practi-
cally no “optics” here, and the interaction between light and matter will
appear only later in the book.

4.1 Basic Equations of Electrodynamics
The Maxwell equations are remarkably structured. If it were not for the
absence of magnetic “charges” in nature, we would be able to exchange
the roles of the electric field  and the magnetic field , as well as the
electric displacement  and the magnetic induction . We first write the
Maxwell equations in differential form; each equation must be satisfied
in every point of space:

E H
D B
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The Faraday 
Law

(4.1a)

The Ampere 
Law

(4.1b)

The Gauss 
Law for 
Electric 
Fields

(4.1c)

The Gauss 
Law for 
Magnetic 
Fields

(4.1d)

Each of the equations can be integrated over space, and after applying
some vector identities we obtain the integral representations of the Max-
well equations:

The Faraday 
Law

(4.2a)

The Ampere 
Law

(4.2b)

The Gauss 
Law for 
Electric 
Fields

(4.2c)

The Gauss 
Law for 
Magnetic 
Fields

(4.2d)

The Faraday law (4.1a) describes the electric field  that is generated by
a time-varying magnetic induction . Note that the electric field will, in
general, not be spatially uniform. In particular, it tells us that the electric
field vector is perpendicular to the magnetic induction vector, because of
the curl operator on the left-hand side of (4.1a). This becomes clear when
we look at, for example, the x-component:

(4.3)

E∇×
t∂

∂B–=

H∇× J
t∂

∂D+=

D∇• ρ=
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H dl•
C
∫° J Sd•
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∂ D Sd•
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∫+=

D Sd•
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B Sd•
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Equation (4.2a) has a particularly simple interpretation. The line integral
 is the induced electric potential, which is equal to

minus the rate of change of flux  that passes
through the surface enclosed by the loop, or

(4.4)

The Ampere law (4.1b) describes how a magnetic field is generated in
response to both a charge current density  and a time-varying electric
displacement . By the same argument as before, the magnetic field
vector is perpendicular to the current density vector and the electric dis-
placement vector, and it will, in general, also not be spatially uniform.

The Gauss laws (4.1c) and (4.1d) confirm the experimental fact that only
charge monopoles, and no magnetic monopoles, are observed in nature.
In addition, the electrostatic law states that the electric displacement field
generated in a closed region of space is only due to the enclosed charges.
Inversely, if a region of space contains no charges, and hence the right-
hand side of (4.2c) is zero, we would measure no net electric displace-
ment: the divergence is of  zero.

Three constitutive equations are necessary to complete the set. They link
the various fields to each other and describe the influence of the material
on the propagation of the fields. The electric field  drives the charge
current , and is hampered in doing so by the conductivity  of the
material:

(4.5)

In vacuum, Equation (4.5) of course falls away, and in semiconductors it
is a gross simplification of the actual nonlinear charge conduction mech-
anism taking place, which we discuss in more detail in Chapter 7. The
magnetic flux density  is driven by the magnetic field , and is ham-
pered thereby by the permeability  of the material:

(4.6)

E dl•
C∫° U Ind=

φ̇– ∂ ∂t⁄ B Sd•
S∫( )–=

U Ind φ̇–=

J
D

D

E
J σ

J σE=

B H
µ

B µH µ0µrH= =
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In vacuum, and for the semiconductor silicon, the permeability 
. Note that, by convention, ,

which immediately fixes the value for . In vacuum the permittivity
. For magnetically active materials

the dependence of the relative permeability on the magnetic field is in
fact highly nonlinear and frequency dependent. The electric field  also
drives the electric displacement , and is hampered thereby by the
dielectric permittivity  of the material

(4.7)

For solids, the relative permittivity  is a function of the spatial distribu-
tion of atomic charge, as well as the charge’s mobility. In fact, its value is
strongly frequency dependent. A more detailed discussion of the cause of
permittivity can be found in Section 7.2.2. (Solving the Maxwell equa-
tions is outlined in Box 4.1).

Taking the curl ( ) of the Faraday law (4.1a) and the time derivative
( ) of the Ampére law (4.1b), we obtain

(4.8a)

(4.8b)

Assuming vacuum conditions, so that , , and , and
requiring , we obtain

(4.9)

Using the identity , and the Gauss law
(4.1c), we obtain the second order partial differential Helmholtz equation

(4.10)
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Box 4.1. The Finite Difference Time-Domain Method.
To solve the Maxwell equations in the time 
domain, computer programs are used that dis-
cretize the space and time coordinates, most fre-
quently using the finite difference (FD) method. In 
1966, K. S. Yee [4.2] invented a discretization 
scheme that still dominates the field, for he was 
able to satisfy exactly all the Maxwell equations in 
one swoop, at the same time obtaining a numeri-
cally stable scheme for the explicit time integra-
tion. The trick lies in the so-called Yee stencil, see 
Figure B4.1.1.

The values of the field components are only 
known at the positions shown by the balls, and 
correspond to the coordinate direction to which 
the cell edge lies parallel. The large balls corre-
spond to positions where we evaluate the electric 
field components, and the small balls to positions 
where we evaluate the magnetic field components, 
see Figure B4.1.2. The algorithm alternately 
updates the  and  fields at time-step intervals 
of , forming a so-called leap-frog method. (The 
offset grids of the two fields ensure that the sim-

plest FD update formula is accurate to second 
order in space and time.) The Yee cell also guaran-
tees that the Faraday and Ampere laws are auto-
matically satisfied at each point in the grid through 
the update formulas. The two exemplary equations 
below correspond to the Yee-cell loops in Figure 
B4.1.2:

(B 4.1.1)

(B 4.1.2)

Discretization results in

(B 4.1.3)

(B 4.1.4)

Note the space-saving formalism

(B 4.1.5)

Figure B4.1.1 Yee finite difference time domain 
(FDTD) stencil for a primitive cell.

E H
∆t

Figure B4.1.2 The top electric and left-front 
magnetic cell faces of Figure B4.1.2
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which is a wave equation for  with periodic solutions of the following
type

(4.11)

where the second derivatives of  are assumed to exist. Notice that
(4.11) requires  to be periodic but does not specify the exact form. The
trigonometric sin, cosine and the exponential functions fit the specifica-
tions exactly.

4.1.1 Time-Dependent Potentials
Up to now the formulation for electromagnetics has been in terms of the
electric and magnetic field variables. We can go one step further by intro-
ducing potentials for the field variables. If a vector field is divergence
free, i.e., when  holds, then there exists a vector  such that

(4.12)

 is the vector potential. Insert this definition for  into the Faraday law
(4.1a):

(4.13)

Whenever the curl of a quantity is zero (we say that it is irrotational or
rotation free), it can be written as the gradient of a scalar potential, say

, which provides us with a definition for the electric field entirely in
terms of the vector and scalar potentials

(4.14)

The two Maxwell equations that we started with are automatically satis-
fied by the potentials, and the remaining two now become (after a num-
ber of manipulation steps)

E
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(4.15a)

(4.15b)

We now consider the case for a vacuum; recall that .
Because of the relation ,  is unchanged through the addition
of the gradient of an arbitrary scalar function , because

. However, through equation (4.14), which under
the same substitution for  results in

(4.16)

we see that the scalar potential must be transformed according to
 to achieve invariance of the electric field. Now choos-

ing  such that

(4.17)

implies that

(4.18)

which completely de-couples the remaining two vacuum Maxwell equa-
tions to give

(4.19a)

(4.19b)
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These two equations represent four separate scalar wave equations of
identical form, for which one can develop a (see the discussion in [4.1])
time-dependent fundamental solution or Green function. The Green func-
tion is nothing else than the analytical solution of the wave equation to a
unit (read Dirac delta function) right-hand side. We define the Kronecker
delta function positioned at  as

(4.20)

so that it looks like a unit pulse function at . For the wave equation, the
Green function

(4.21)

is called retarded/advanced because it describes the effect of a unit load
at time  and position  on another point located at , at a later/earlier
time . Equations (4.19a) and (4.19b) are linear, and therefore permit
superposition of solutions. By superposition of elemental right-hand
sides, the Green functions can be used to build up a complete response to
a right-hand side build–up of a spatially and temporally distributed
charge and/or current density.

4.1.2 Quasi-Static and Static Electric and Magnetic Fields
Many effects of interest to us are dominated either by the electric field or
by the magnetic field, and do not require us to consider the complete cou-
pling of both. We follow the discussion in [4.5], which is highly recom-
mended for additional reading. We start by normalizing the
electromagnetic quantities using unit-carrying scale factors and unit-less
scalar or vector variables (indicated by under-bars). We choose the scal-
ing of length, time and the electric field:
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(4.22)

Using the Maxwell equations (4.1a)–(4.1d) and the constitutive equations
(4.5)–(4.6), we apply dimensional analysis to derive the scale factors of
all other quantities in terms of the first three

(4.23a)

(4.23b)

(4.23c)

(4.23d)

For the material properties, ,  and a typical conductivity  are the
scale factors. We now insert the normalizations above into the Maxwell
equations:

(4.24a)

(4.24b)

(4.24c)

(4.24d)

In (4.24b) we have defined the parameter
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which is the typical time for electric-field dominated charge signals to
settle. The charge relaxation equation

 or (4.26)

which can be obtained by manipulating the Maxwell equation set (see
also Table 4.1), is a diffusion equation governing the conservation of free
charge, and describes the way charge imbalance settles. Such processes
are dominated by . An electromagnetic wave traversing our system is
characterized by the time

(4.27)

which we have obtained by straightforward association. In addition, in
(4.24a) we have defined the factor

Time-Rate 
Parameter

(4.28)

which characterizes the importance of the electromagnetic signal’s transit
time to times of interest in our system.

If we had based our normalization on the magnetic field instead on the
electric field, we would have obtained the parameter

Magnetic 
Diffusion 
Time

(4.29)

which is the typical time for magnetic field dominated signals to diffuse
through the system. This time dominates the magnetic diffusion equa-
tion:

(4.30)

which in turn is obtained by a straightforward manipulation of the mag-
neto-quasi-static equations (neglecting material transport) given in Table
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4.1. What it tells us is that the magnetic induction field effectively dif-
fuses into a material.

Together, the four characteristic time constants can be used to decide on
which effects to effectively ignore. Thus, if , we can certainly
ignore the wave-like effects and concentrate on diffusion-like formula-
tions, since the electromagnetic wave passes our system faster than it can
respond. Going one step further, and considering the case where

Electro-
Quasi-Statics

 and (4.31)

we can formulate the electrical equations as if the magnetic phenomena
were instantaneous. For

Magneto-
Quasi-Statics

 and (4.32)

we can assume that charge relaxation effects are instantaneous. Note that
quasi-statics by no means imply steady-state phenomena, which we treat
next, but merely address the extent of dynamic coupling between the
constituent charges, magnetic fields and the electromagnetic waves that
excite our system. In other words, for the dynamic equation the other
field appears effectively static because its time constant is small. The
resulting equation sets for the quasi-static approximations are summa-
rized in Table 4.1.

β<<1

τm τem τe< < β<<1

Table 4.1. The quasi-static equations of electrodynamics. Adapted from
[4.4].

Equations
Magneto-
quasi-statics

τe τem τm< < β<<1

H∇× J=
E∇×
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B∇• 0= B µH µ0 H M+( )= =

J∇• 0=



Basic Equations of Electrodynamics

Semiconductors for Micro and Nanosystem Technology 155

Poisson 
Equation of 
Electrostatics

When we consider the electro-quasi-static case with steady-state condi-
tions for the electric displacement and charge, i.e. , so
that , we can completely ignore all coupling of electric with
magnetic phenomena and only consider the effects of an electric charge
density  distributed in space setting up an electric displacement field 
according to . When we integrate equation (4.1c) over an arbi-
trary control volume (with outward surface normal vector ) that con-
tains some total charge , then we obtain

(4.33)

The second and fourth terms provide a simple fact: the amount of 
leaving the volume perpendicular through its enveloping surface is equal
to the charge contained in the volume. If all terms are stationary in time,
then equation (4.1c) or (4.33) describes electrostatics. To perform elec-
trostatic calculations we usually go one step further by introducing the
electrostatic potential  by noting that

(4.34)

When we insert equation (4.34) into equation (4.1c) we obtain

(4.35)

Electro-quasi-
statics

Table 4.1. The quasi-static equations of electrodynamics. Adapted from
[4.4].
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Equation (4.35) is amenable to numerical solution by so-called fast-Pois-
son solvers, computer programs that exploit the following fundamental
property of the Poisson equation. If we consider a region of homoge-
neous , then inside this region equation (4.35) becomes a Poisson equa-
tion . We consider the situation where  represents a
point charge at position  which we represent by a Dirac delta function:

(4.36)

Green 
Function

For this case, we obtain the so-called Green function for the Poisson
equation:

(4.37)

that satisfies equation (4.35) exactly. Since we are, in principle, able to
represent any spatial charge distribution as a linear superposition of indi-
vidual point charges, we can obtain the associated potential by a linear
superposition of the appropriate fundamental solutions via equation
(4.37). In reality this is not very practical, as we would require large sums
of terms at each point of interest in space: for  charges and  evalua-
tion points we would require of the order of  evaluations.

Multipole 
Expansion

An important simplification technique is the so-called multipole expan-
sion. The idea is remarkable. Consider a group of charges in space within
an enclosing sphere of radius . Clearly, if we are far enough from the
group of charges, i.e., , the values of the Green functions of the
individual charges will not indicate strongly the spatial separation of the
charges, merely their number and charge polarity. Algebraically, we can
represent the combined Green function of a group of charges using a
multipole expansion. The power of the method is that a group of groups
of charges can again be represented in this manner. What this ultimately
means is that a single sum over the Green function of many charges can
be made much more efficient. We first spatially partition the charges into
a hierarchy of clusters, then, starting inside the first groups in the hierar-

ε

ψ∇2 ρ ε⁄= ρ ε⁄

r

ρ
ε
--- δ r′ r–( )=

ψ
1

4π
------ 1

r′ r–( )
-----------------=

n m
n m×

rg

r>>rg



Basic Equations of Electrodynamics

Semiconductors for Micro and Nanosystem Technology 157

chy, we form the multipole expansion coefficients. These are now trans-
lated through the hierarchy so that, at the very worst, it is possible to
perform only of the order of  vs.  evaluations for a system of 
charges. Remarkably, further efforts have shown that the number of eval-
uations can be reduced to the order of the number of charges  in the
system.

Magneto-
statics

In analogy with the electrostatic case, we now consider magneto-quasi-
static situations where, in addition, , so that again magnetic
and electrostatic phenomena are completely de-coupled, but stationary
magnetic phenomena dominate. We consider the equation .
From the equation for the vector potential , and the constitu-
tive equation , we obtain

(4.38)

The vector identity , together with
, transforms (4.38) to

(4.39)

which now represents a separate Poisson equation for each component of
the vector potential, i.e.

(4.40)

This is very convenient, for we may now use the same methods to solve
(4.39) as for the electrostatic equation (4.35).

n nlog( ) n n

n

∂B ∂t⁄ 0=

H∇× J=
B A∇×=

H B µ⁄=

1
µ
--- A∇× 

 ∇× J=

A∇×( )∇× A∇•( )∇ A∇2–=
A∇• 0=

A∇2– µJ=

Ax∇2–

Ay∇2–

Az∇2–

µ

Jx

Jy

Jz

=



The Electromagnetic System

158 Semiconductors for Micro and Nanosystem Technology

4.2 Basic Description of Light
Around the beginning of the 20th century, new experimental evidence
indicated that light, when interacting with a solid material, seems to
behave also as a “particle” – now called a photon. Up to that stage, the
wave nature model of light had sufficed, and could be cleverly used to
explain most phenomena observed. Each model of course has major tech-
nological significance. The difference between the models becomes clear
when we consider what happens to a light wave when it has to have a
finite energy.

4.2.1 The Harmonic Electromagnetic Plane Wave
We can consider the harmonic electromagnetic plane wave in a vacuum
that satisfies Equation (4.10) as a basic component with which to build
up more detailed descriptions. Thus, following Equation (4.11), we select

(4.41)

We first insert (4.41) into (4.1c), noting that , to give

 or (4.42)

We next use (4.1b), noting that, since  that , to obtain

 or (4.43)

We see that ,  and  are cyclically perpendicular to each other.
Thus the mutually orthogonal vectors  and  always lie in a plane per-
pendicular to the direction of propagation . Without sacrificing general-
ity for the plane wave case, we can assume now that the wave propagates
along the -axis, the -field lies parallel to the -axis and the -field
lies parallel to the -axis, hence

(4.44)
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The argument of the cosine functions is called the phase of the wave
components, and is a maximum if the argument is an integer multiple of

. Assuming that we fix a point in space, say , then the wave
varies in time as it passes our location with a period of

(4.45)

In exactly the same way we can fix a point in time, say , to find
that the wave varies in space as it passes our time point with a spatial
period or wavelength of

(4.46)

The speed of propagation of the peak of the wave is found from the
cosine argument again. We can write that, between two wave peaks 
cycles apart,

(4.47)

Looking at one wave peak, so that , and on dividing equation
(4.47) by , we obtain

(4.48)

Phase 
Velocity

which is the phase velocity of the wave in a vacuum. Everywhere but in a
vacuum will the phase velocity become dependent on the frequency of
the wave. The factor  in equation (4.44) causes a relative phase shift
between the electric and magnetic field components. If , then the
light is linearly polarized as shown in Figure 4.1 (a). If, however, ,
then the light is circularly polarized as illustrated in Figure 4.1 (b). The
sign of  determines whether the wave is polarized left/right (or clock-
wise/anti-clockwise).

An electromagnetic wave has an energy density of

(4.49)
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which, when integrated over a period of the wave, gives an average value
of

(4.50)

4.2.2 The Electromagnetic Gaussian Wave Packet
The energy density of a plane wave as found in equation (4.50) implies
that the wave has an energy proportional to the space to which the wave
is limited, which is potentially unbounded. A wave with finite energy,
which we require based on observations of radiation, is possible only if
the wave and hence its energy are localized in space. A mathematically
convenient way to achieve this is by forming a wave packet centered
around a wavevector . A wave packet has an envelope that defines the
maximum amplitude of a cosine wave. For a 1D wave the electric field
component is defined by

Figure 4.1. (a) A linearly polarized planar electromagnetic wave at a given instant in 
time . (b) A circularly polarized planar electromagnetic wave at a given instant in time 

. The  and  field components are confined to planes perpendicular to each other 
and to the direction of wave propagation. A differing phase causes the rotation of the field 
vectors. For both figures, the plot in the foreground shows the  and  field strengths, 
and the background plot the resultant vector , clearly indicating the planar and 
circular nature of the wave.
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(4.51)

and is illustrated in Figure 4.2. The center of this wave packet travels at
the speed of light  to the right, and has been defined so that its spatial
extension and its wavevector extension fulfil the relation

(4.52)

so that, if the packet is spread in space, it will have a precise frequency,
and if it is concentrated in space, its spectrum will be spread. The energy
density of the wave packet is now finite, and can be analytically com-
puted as

(4.53)

This is simply a constant shape Gaussian that moves to the right with the
speed of light , see Figure 4.2. The Gaussian does not change its shape

because of the linear dispersion relation . For example, an elec-
tronic wave packet, for , would change its shape, because

 is not linear.
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Figure 4.2. The general features of 
a Gaussian wave packet.
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4.2.3 Light as Particles: Photons
Convenient as wave packets are, they do not describe photons yet, and
what is missing of course is a quantum-mechanical approach to light.
Since photons act as located particles, for example in the photoelectric
effect, they are not representable by a space-filling wave packet, yet they
are observed to interfere as waves.

Discussion As we have shown in more detail in Chapter 3, the quantum-mechanical
solution to this apparent contradiction is to make the wave packet repre-
sent the probability density of the particle. Before we look at the details,
it is instructive to see what is resolved by this new representation. Since
the probability is wave-like, it obeys wave mechanics, and hence can pro-
duce wave–like interference with the probability waves of other photons.
If a photon is detected (it is “observed”), it is with a process that requires
the photon to be particle-like. At this instant of detection, the resultant
probability of the photon is evaluated by the detector, and the photon
reveals its position. On the way to the detector, the photon does not reveal
its position. Indeed, there is no way to tell how it got from A to B apart
from disturbing it on its way. What quantum mechanics does elegantly is
to let the photon’s probability “propagate” with the speed of light, and
interact with equipment in a determined way. Each measurement
becomes an evaluation of the evolved probability distribution of the pho-
ton.

Probability 
Density

To describe a photon that is consistent with measurements and observa-
tions, we use a wave packet with a Gaussian spectral function and a total
energy of :

(4.54)

The probability density of the photon is then proportional to ,
with the proportionality constant chosen so that the probability of finding
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the photon anywhere is equal to one. The probability of finding a photon
in the interval  and  is then

(4.55)

Macroscopic 
Electro-
magnetics

We still must create an intuitive link between electromagnetics and pho-
tons. The “trick” lies in the fact that electromagnetic radiation in vacuum
can be brought into the exact same form as a harmonic oscillator (the har-
monic oscillator is extensively discussed in Section 3.2.5). In quantum
mechanics, the harmonic oscillator quantizes the energy as

(4.56)

The unbounded vacuum does not place any limitation on , which may
vary arbitrarily. We could view light in this context as an electromagnetic
wave whose energy is restricted to integer multiples of  starting at the
zero-point energy of . Here a photon corresponds to an energy
step, which for visible light with a wavelength of  nm is the very
small quantity  J, so that for typical optical ray trans-
mission applications the fundamental step size is so insignificantly small
that the energy appears as a continuous variable.

Another possibility is to consider an electromagnetic light wave as a
superposition of photon-sized electromagnetic wave packets that are in
phase with each other. Each photon carries a fundamental quantum of
energy, , and the superposition of a large quantity of such photons
appears as a macroscopic electromagnetic wave.

Cavities We now consider what happens when electromagnetic radiation is
trapped in a 1D cavity of length  with perfectly conducting and per-
fectly reflecting walls. The electric field has a vanishing component par-
allel to a conducting surface. Clearly, the cosine functions are good
candidates for this case as long as , where ,
and so we use
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(4.57)

Inserting equation (4.57) into the wave equation (4.10) we obtain

(4.58)

which has non-trivial solutions for

, (4.59)

Thus the frequency  of the trapped wave is quantized. This contrasts
with the unbounded wave case, where the frequency can take on any
value.

4.3 Waveguides
The salient behavior of small waveguides, even down to the micrometer
dimensions typical for features on a silicon or gallium arsenide micro-
chip, can be treated by only considering the Maxwell equations.
Waveguides represent a very important technological tool, by forming
the interconnects for communication and sensor equipment based on mil-
limeter, micrometer and optical wavelength electromagnetic waves.
Knowledge of the design of waveguides is an important asset of a micro-
system engineer’s “toolbox”. In this context, an optical fiber is a
waveguide, and so is a co-axial cable. Integrated waveguides use differ-
ences in diffractive constants to form a “channel” that guides the electro-
magnetic wave.

The idea of a waveguide is to support optimally the propagation of a
wave along its axis, and to prevent the wave from escaping (or dissipat-
ing) in the transverse direction along the way. Usually, waveguides con-
sist of long straight stretches and shorter curved segments. Clearly, a
curved segment requires the most general 3D treatment, because the

E x t,( ) E0 ωt n jπx L⁄–[ ]cos=

n jπ L⁄( )2 ω
c
---- 

 
2

– E0 ωt n jπx L⁄–[ ]cos( ) 0=

ω j
n jπc

L
-----------= n j 1 2 3 …, , ,=

ω j



Waveguides

Semiconductors for Micro and Nanosystem Technology 165

wave will be deflected from its straight path by the waveguide walls
along the curve. For a straight segment we can simplify the analysis by
considering simple harmonic propagation along the axis of the
waveguide, thereby “separating” the variables somewhat. Thus we start
the analysis by assuming that a wave of the form (4.10) that propagates in
the x-direction through an isotropic medium:

(4.60)

Note that  and  are real values. For this case, harmonicity
implies that  and axial propagation of a planar distribution
implies that , so that

. We now check to see what this assumption induces
by inserting (4.60) into the four Maxwell equations (4.1a)-(4.1d) as cor-
rected for dielectric materials:

 gives , 

(4.61a)

 gives , 

(4.61b)

 implies that (4.61c)

 implies that (4.61d)

Additionally, we have assumed that  and  vary so slightly with space
that the term involving its gradient can be dropped. We see that the mag-
netic induction is perpendicular to the electric field, and the magnetic
field is perpendicular to the electric displacement. Furthermore, we see
that the transverse field distributions  and  are rotation free and
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divergence free. Finally, we insert (4.60) into (4.10), and cancel the com-
mon exponential factor to obtain

(4.62)

where . We have thus obtained an eigenmode equation for the
planar transverse electric field vector . In general, solving (4.62)
will yield the eigenpairs  that represent the allowable solu-
tions. From each  we obtain the allowable . We
make two observations:

• Since we obtain both a positive and a negative value for , this
implies that the solution generates waves that propagate in the posi-
tive and negative directions along the waveguide.

• Equation (4.62) has the exact form of the stationary Schrödinger
equation. The role of the dielectric constant takes on that of the poten-
tial in the Schrödinger equation, and we could use solution methods
already developed for solving potential well problems. We now use
this fact to investigate a classical case.

4.3.1 Example: The Homogeneous Glass Fiber
We consider a circular cross-section glass fiber waveguide with a qua-
dratically varying refractive index , with  and  constant
[4.7]. Since , this means that we have a spatially linear function
for the dielectric constant . In cylindrical coordinates , equation
(4.62) now becomes

(4.63)

The geometry is axially symmetric. We therefore assume that we can de-
couple the radial and angular solution components using

. Inserting this into (4.63) we obtain
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(4.64)

Since radial and angular components are separated, we can consider the
radial terms alone

(4.65)

where  is the constant linking the radial and angular equations. We
make two further substitutions, setting , , to
obtain

(4.66)

This is exactly the form of the 2D harmonic oscillator (in cylindrical
coordinates) with total energy  and potential , the well-
known solutions of which are of the form

(4.67)

and where the summation limits come from the boundary conditions.

4.4 Summary for Chapter 4
We encounter electromagnetic radiation as light from the sun and other
sources, as radio and television signals, mobile telephone communica-
tions, fibre-optic laser light rays, and of course in the form of background
radiation from deep space. The very successful model for the propagation
of radiation is the set of wave equations of Maxwell. Solid state interac-
tions expose the particle nature of light, where a quantum-mechanical
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view becomes necessary. In electronic circuits, light can be guided
around the surface by half-open “fibres” that we call waveguides. We
have included them here, but leave all other interactions between photons
and matter for Chapter 7.
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Chapter 5 Statistics

The number of particles that occur in a semiconductor is extraordinarily
large. From chemistry we got to know the mol as a unit, which counts off
chunks of materials weighing in at a couple of grams, yet containing

 particles (this is of course Avogadro’s number). If we wish to
calculate properties down at the individual particle level, as indeed the
molecular dynamics people do, then we can consider only a very small
amount of matter. One way out is to consider the statistical nature of the
particles, and this works well if we have very many of them, as is indeed
the case for most realistic physical systems.

Chapter Goal The goal of this chapter is to introduce the concepts of statistics and sta-
tistical mechanics necessary to understand the variety of pseudo particles
that we encounter in the study of the solid state.

Chapter 
Roadmap

Our road map is to first introduce the ensembles. These groups of parti-
cles are convenient models from thermodynamics, and provide a basis for
a consistent theory. Next we consider ways to count particles and particle

1.6 23×10
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states. This leads to the famous particle distributions. Armed with these
we can describe the behavior of many-particle systems in a very compact
manner. The rest of the chapter shows how this is done for bosons
(named after Bose, and include phonons and photons), and for fermions
(named after Enrico Fermi, and include electrons and holes).

5.1 Systems and Ensembles
In representing a system  which is composed of a very large number 
of identical subsystems, there is a trade-off between the available
resources (i.e., computer memory, computation time) and the accuracy
that we can achieve for the representation. If  is so large that the repre-
sentation of the exact state, including all subsystems, by far exceeds all
available resources, then the only way to represent the state of  is by
means of statistical statements, i.e., probability distributions for the
respective system properties. In this chapter we develop the basic statisti-
cal techniques required to represent the ‘particle’ systems of our solid
state semiconductor. A thorough treatment of the basics may be found in
textbooks [5.1] and [5.2]. The application to semiconductors is dealt with
in [5.3].

Our discussion starts with the microcanonical ensemble, which considers
a large number of identical isolated systems. Each system resides in the
smallest possible energy range that we can possibly consider. This sys-
tem delivers us with a definition for the density of states. The microca-
nonical ensemble is extended in range to the next level, the canonical
ensemble, where we only allow heat exchange with a very large reser-
voir. This model delivers the canonical partition function. Stepping up,
we consider the grand ensemble, where we allow particle exchange with
the environment. From this model we obtain a definition for the chemical
potential, the driving force for particle exchange, as well as for the grand
partition function. With these results, we move on to statistically describe
particle counts. We specialize the statistics for different types of particle

A N

N

A
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systems as they are found in microsystem devices: photons, electrons and
holes, quasiparticles. We end the chapter with applications of the statisti-
cal results, and show how they characterize the particles and quasiparti-
cles that we encounter in describing the behavior of semiconductor-based
devices.

5.1.1 Microcanonical Ensemble
An isolated system  (see Figure 5.1a) in equilibrium, with a fixed num-

ber  of components, which resides in a fixed volume , assumes dif-
ferent microscopic implementations in the small energy interval

. The index  counts the different implementations. A
large number of identical such systems  is called a microcanonical
ensemble. An implementation  is characterized by its energy  and a
detailed description of the state of each of the  subsystems. We can
think of the  components as particles. Each particle  then has a given
vector momentum  and vector position ; each vector in turn has

A

Figure 5.1. Characterization of systems according to the way they interact with the envi-
ronment.
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three spatial components. With  particles this forms a -dimensional
phase space to represent the different implementations . We can now
construct a hypersurface in the -dimensional space that corresponds
to the energy .

In an interval  that is small in comparison to the total energy of the
system, an external observer cannot distinguish between the different
implementations . Even if there was a slight difference in the energy it
would not be resolvable by the accuracy limit of possible measurements.
Every implementation  therefore has an equal probability  to be real-
ized, because from a macroscopical point of view the implementations
are indistinguishable.

(5.1)

Here  is a constant which comes from the normalization that requires
that , where the sum counts every state that  is allowed to
assume in the given energy interval. This means that in an ensemble that
has much more members than the maximum number of implementations
each implementation is realized by the same number of member systems.

The volume  that the system occupies in the -dimensional
phase space, i.e., the number of possible implementations in the small
energy interval , is given by

(5.2)

which evaluates to

(5.3)

where  is the volume of the system occupying in the energy range
. For the case where , we expand (5.3) into a linear

Taylor series to obtain
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(5.4)

which defines the density of states

Density of 
States

(5.5)

This rather abstract definition becomes lucid when applying to an elec-
tron in a cube with a cubic crystal structure with lattice constant . The
edge of the cube has a length . Applying periodic boundary
conditions the k-vector comes in discrete portions

 as shown in (3.44). Given the energy  we
calculate the number of states that are within the range of , i.e., the
number of combinations of  that results each in an energy
lower than , or in other words the sum over all possible k. We have

 etc.We write the sum over all k as the integral over k-
space over all states with energies lower than  in spherical coordinates

(5.6)

(5.6) divided by the sample volume  gives the volume  the
states occupy in k-space. The energy is given by  and
thus we have , where k is the absolute value of the vec-
tor k. Furthermore we have . We insert this into
(5.6) in order to calculate the volume with respect to a given energy 

(5.7)

With the expansion procedure as shown in (5.3) we obtain for the density
of states

(5.8)
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Taking into account that (5.8) is valid for spin up and down particles it
must be multiplied by a factor 2.

5.1.2 Canonical Ensemble

Let us now consider a small system  which stays in contact with a very
large heat reservoir  (see Figure 5.1b). We only allow  to exchange
heat with  (think of a tin-can filled with liquid that is immersed in a
lake). In the following we assume that . The total energy of the
system, given by , is conserved. If  can be found in a
well defined state  with energy , then the energy of the heat reser-
voir is given by . The probability  to find exactly an
implementation , is proportional to the number of possible implemen-
tations  for the heat reservoir , each of which has energy 

(5.9)

where  is the normalization factor. The prerequisite  immediately
implies that . We next expand the logarithm of  by a Taylor
series about , (or about ) to obtain a good approximation

(5.10)

Now imagine that, for one specific , the reservoir only has to fulfil the
condition that . Due to its huge size compared to , the
number of implementations of  is obviously very large and also
increases strongly with increasing energy. Inserting (5.10) in (5.9) yields

 and performing the normalization we obtain

(5.11)

Temperature where  is independent of the energy . The
parameter  specifies the average energy per degree of freedom of the
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system . This average energy is the first moment of the probability dis-
tribution . The factor , which we can also write as

, is the inverse of the thermal energy. Here  is the temper-
ature and  is the Boltzmann constant. Note that the sum in the denom-
inator of (5.11) accounts for the normalization of . Equation (5.11) is
called the canonical probability distribution.

Average 
Energy

If we write  for the denominator of (5.11), then the
average energy is given by

(5.12)

Canonical 
Partition 
Function

We call  the canonical partition function. Suppose that we know the
total number of particles for a specific implementation  to be the sum

, where  is the number of particles with energy  such that
 holds. Then we may write the partition function as

(5.13)

Average 
Number of 
Particles

The bracket  denotes one specific implementation  of .
This gives us direct access to the average number of particles  in a spe-
cific state . For a canonical distribution this is given by

(5.14)

Sum Over 
States

The canonical partition function  is sometimes also called the sum over
states. We have already seen that  is a central term in statistical
mechanics, from which many other system properties may be derived.
Let us consider the energies of all realizations  that the system  may
assume for a small energy interval . In this case the probabil-
ity of finding  with the energy  is given by the sum over all imple-
mentations 
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(5.15)

Continuous 
Probability

with  such that . Equation (5.15) contains only the
energy  for the same reasons that are valid for the microcanonical
ensemble: the energies cannot be distinguished by measurement. Since

 is the number of implementations for the heat reservoir  with
energy  and is, due to the large size of , a continuous function, the
probability  becomes a continuous function of energy.

5.1.3 Grand Canonical Ensemble

For a grand canonical ensemble the system  with a given number of
particles  is allowed to exchange particles with its reservoir  (see
Figure 5.1). The total number of particles is conserved so that

. Following the same arguments as for the canonical
ensemble, the number of particles  is included in the argument list of

. The concept of a reservoir now also implies that, in addition to
, we have that . We expand  into a Taylor series

around  and  which yields

(5.16)

An additional parameter arises of course from the derivative with respect
to the particle number

(5.17)

This parameter  as we shall see later will be interpreted as the chemical
potential. The probability to have a specific implementation then assumes
the form

(5.18)
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and is called the grand canonical distribution. For a system which may
occupy different energy states  the total energy of a specific imple-
mentation is given by , where the number of particles is

 fixed. Here  is the number of subsystems or particles with
energy . To calculate the normalization for (5.18) we have to sum over
all possible numbers of particles 

(5.19)

Grand 
Partition 
Function

 is called the grand partition function.  is the canonical ensem-
ble partition function. As was observed for the partition function , we
shall see that  is a key quantity for a system. Let us analyze  in more
detail. It consists of a product of two functions  and ,
where the first term increases with increasing , and the second term
decreases with increasing . As a product they result in a sharp maxi-
mum at the equilibrium particle number . For the case of large enough

 and a sufficiently sharp peak with width , we may write that
. This implies that we replace the sum of prod-

ucts in (5.19) by the argument function’s value at the equilibrium particle
number  times the width of the argument function. Hence we obtain

. For , the last term in may be
dropped. This gives

(5.20)

and for the grand partition function we obtain that

(5.21)

In (5.21) we see that the sum over different implementations of the prod-
uct  is nothing else than the product of
sums over each energy level , and hence we may write that
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(5.22)

The product in (5.22) accounts for all states  accessible to the system,
while the sum over  depends on how many particles may occupy a
state .

5.2 Particle Statistics: Counting Particles
Different statistical properties of the system arise from the many ways
that the sum in (5.13) and (5.22) has to be performed. Summation over all
possible states  in turn implies summation over all possible values of

. We now consider these cases.

5.2.1 Maxwell-Boltzmann Statistics

Suppose that there are  distinguishable and noninteracting particles in
the system. Then, for a given implementation ,  particles
have the energy , to which we must add the constraint that .
According to (B 5.1.2) there are  possibilities to distrib-
ute the  particles among all available states. This way of counting dis-
tinguishes the individual particles, but not their ordering once they
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Figure 5.2. Maxwell-Boltzmann, Bose-Einstein, and Fermi-Dirac distributions.
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accumulate in a specific state, so that we use the canonical ensemble as a
model. Therefore, the partition function reads

(5.23)

The resulting average number of particles  in a specific state  is given
by

(5.24)

and is called the Maxwell-Boltzmann distribution after its inventors (see
Figure 5.2). This, in fact is the result we already saw in (5.14) with the
only difference that we gave an explicit rule how to distribute the differ-
ent particles on the different states.

Box 5.1. Counting permutations, variations, and combinations.
The probability for a macroscopic event to be real-
ized by a specific implementation, in the knowl-
edge that none of the N individual 
implementations is to be preferred, is exactly 1/N. 
The number N of implementations depends on the 
rules on how implementations are counted:

1. The number of permutations of  distinguish-
able objects , without duplication, is given by

(B 5.1.1)
2. Repeating in 1. the j-th element  times, with 
the constraint that , gives

(B 5.1.2)

3. Choosing  objects out of  different objects, 
without duplication, is called a variation . The 
number of implementations for this type of varia-
tion is

(B 5.1.3)

4. Repeating objects in 3. yields the variation . 
The number of implementation in this case is

(B 5.1.4)
5. If the ordering in 3. is not considered, this task 
is called the combination of  elements out of 
objects without repetition . Its number of 
implementations is

. (B 5.1.5)

6. Repeating objects in 5. is called a combination 
of  elements out of  objects with repetition 

. Its number of implementations is given by

(B 5.1.6)
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5.2.2 Bose-Einstein Statistics

If the total particle number  is tuned by a parameter , then we have to
use the grand partition function to derive the average number of particles
per energy-level. For the case of Bose-Einstein (BE) statistics, arbitrary
numbers  are allowed. This yields for (5.22)

(5.25)

Thus the logarithm of (5.25) is

(5.26)

and inserting this into (5.20), we obtain

(5.27)

The partition function already includes the constraint of the total number
of particles and thus may be used to calculate the average number of par-
ticles  for a specific energy level 

(5.28)

The derivative  comes from the fact that  may depend on the
position of the energy levels. The fact that, for a given , the parameter

 maximizes the grand partition function, results in .
Equation (5.28) is called the Bose-Einstein distribution.

Chemical 
Potential

The important relation
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defines the chemical potential  as the change of  with respect to
. We find that small changes  reveal the significant parameters of

the system

(5.30)

5.2.3 Fermi-Dirac Statistics
The important difference for Fermi-Dirac statistics is that we constrain
each energy level to be occupied by only one particle. This changes the
sum in (5.25) to give

(5.31)

We now take logarithms

(5.32)

and thus obtain the average occupation number by inserting (5.32) into
(5.20)

(5.33)

called the Fermi-Dirac distribution function after its inventors. The defi-
nition of the chemical potential follows the same procedure as in (5.29).

Pauli 
Principle

The reason why, in the Fermi-Dirac distribution, each energy level may
be occupied by at maximum one particle, is given by the Pauli principle.
The Pauli principle does not allow two electrons to occupy the same
quantum state. They must differ at least in one quantum number. This
single fact gives rise to the orbital structure of atoms, and hence to the
large variety of molecules that can be formed.
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5.2.4 Quasi Particles and Statistics
The question as to which statistics should be applied to what is answered
by quantum-mechanical considerations. All phenomena occurring in a
semiconductor obey quantum mechanics. Often we are not aware of this
fact, such as when we are dealing with a macroscopically-sized sample.
For special cases, such as on a very small length scale, at very low tem-
peratures, or in a coherent light field from a laser, the quantum nature of
phenomena is directly observable. The lattice vibrational amplitudes
show discrete changes, the light intensity as well, and the electric current
is composed of single charge carriers.

This discrete nature of the phenomena is best described by so called
quasi-particles. These are nothing else than the single quanta by which
the amplitudes of the each observable quantity may increase or decrease
by. It is just by way of talking about quantum phenomena that we intro-
duce the term “phonon” for the quantum of a lattice vibration, “photon”
for the quantum of electromagnetic oscillation, and “electron” or “hole”
for quantum moving charged carrier. The most mechanically intuitive
picture is perhaps that of a phonon, which is the coaction of all the indi-
vidual ions forming a crystal lattice.

In a similar manner as for a photon, we have to imagine an electron in the
conduction band of a semiconductor. The picture we obtain is the net
result of a composed excitation of the bare free-electron, together with
the crystal structure forming the conduction band and the other electrons
in the semi-conductor (and of course strictly-speaking many more
effects.) It is not the electron as a massive particle that makes it different
from a phonon. Rather, it is the kind of interacting subsystems that form
the resulting phenomenon. In this light the “-ons”, the quasi-particle fam-
ily members, lose their mystery and remain simple descriptions of a phe-
nomenon.
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5.3 Applications of the Bose-Einstein Distributions

Lattice 
Vibrations

The normal vibrations of the crystal lattice as described in Chapter 2 may
be described as set of linear non-interacting harmonic oscillators when
neglecting the nonlinear interaction between the lattice atoms. Each of
these oscillators  has a specific frequency  and each of the phonons
contributes with an energy . With  phonons present frequency 
we have a contribution of  to the energy contained in that lat-
tice vibration mode.

Photons For photons, the situation looks alike and the only constraint on the parti-
tion function is given by the parameter , the temperature, which deter-
mines the average energy of the system. There is no prescribed number
of particles for a single sate  in either cases of photons or phonons. Any
number of photons or phonons may occupy a given energy level. For this
case the partition function reads

(5.34)

From (5.34) we can calculate the average number of particles with
energy 

(5.35)

Planck 
Distribution

which is the well known Planck distribution for photons. It gives the sta-
tistical occupation number of a specific energy level for a photonic sys-
tem. Consider a piece of material at a specific temperature, i.e., with
given . Then (5.35) describes the intensity distribution of the irradiated
electromagnetic spectrum with respect to the frequency (note that the
energy of the electromagnetic wave is proportional to its frequency.) Of
course this is a non-equilibrium situation. Strictly, we also have to take
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into account the power absorbed from the environment and calculate the
balance in order to determine the heat radiation. Nevertheless, (5.35)
reveals the statistical nature of heat radiation from a material.

The description of phonons via (5.35) is valid only with some restric-
tions. At low temperature only waves with large wavelengths compared
to the interatomic spacing are excited. In this case the lattice can be
treated as a continuum. At short wavelengths the spectrum of frequencies
shows a maximum value , which is independent of the shape of the
crystal. In general the spectrum is quite difficult and must be calculated
or measured in detail to give realistic distributions at higher frequencies.
Nevertheless in a wide range of applications (5.35) is a good approxima-
tion.

For the case of photons and phonons, the partition function does not
depend on the constraint of the number of particles . Therefore, the
derivative  with respect to  vanishes and thus photon or phonon
statistics are special cases of the Bose-Einstein statistics with .

5.4 Electron Distribution Functions
The distribution functions for electrons in the periodic lattice of a semi-
conductor follow Fermi-Dirac statistics. To distribute a certain number of
electrons in the conduction band of a semi-conductor, we have to know
the shape of the band with respect to the momentum of the electron, as
explained in Section 3.3.3.

5.4.1 Intrinsic Semiconductors
An intrisic semiconductor is a pure crystal, where the valence band is
completely occupied and the conduction band is completely empty. This
is the whole truth for a purely classical description. Such a classical
model does not allow electrons to occupy the valence band. We know,

ωmax

N
Zln N

µ 0=
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however, that the temperature, which gives us the parameter , enters
into the term for the probability of finding an electron with an energy 
above the conduction band edge energy , and is given by

(5.36)

An intrinsic semiconductor is supposed to be uncharged. Therefore, we
find that with a certain probability  an electron is
missing in the valence band. This missing electron we call a hole or
defect electron. It behaves like a carrier with opposite charge. If the num-
ber densities  of positive (holes) and  of negative (electrons) carriers
are equal the semiconductor is charge free. This number density is given
by the integral over all possible implementations in energy space

(5.37a)

(5.37b)

Because of the discussion that lead to (5.8) the density of states for the
valence band ( ) and for the conduction band ( ) appears in the inte-
gral. The energy of the valence band edge  and the conduction band
edge  is fixed. Their difference , the band gap energy,
is a typical material parameter. The only parameter left to fulfil 
is the chemical potential . In the intrinsic case this is usually several

 below the conduction band, so that

(5.38a)

(5.38b)
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is a good approximation. This allows us to solve (5.37a) and (5.37b)
which gives

(5.39a)

(5.39b)

with

(5.40a)

(5.40b)

(5.40a) and (5.40b) are called the effective density of states. As a rule of
thumb we say that the approximations made calculating the density are
only good if the densities are lower than the respective density of states.
Charge neutrality now requires

(5.41)

For (5.41) to hold, it is

(5.42)

where the index i stands for “intrinsic”. We see that for equal electron
and hole masses  the chemical potential lies exactly half way
between the conduction band edge and the valence band edge. Further-
more it will not show any temperature dependence. The intrinsic carrier
concentration thus reads

(5.43)
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We see that for a given  the  is highest for semiconductors with small
band-gap. For given  it increases with temperature.

5.4.2 Extrinsic Semiconductors
A doped semiconductor is called extrinsic. Due to impurities or dopants
that have energy levels in the band-gap near the conduction band
(donors) or the valence band (acceptors), the carrier concentration is
increased. Donors increase electron concentration, acceptors increase
hole concentration (see Figure 5.3 b and c). For charge neutrality to hold

(5.44)

must be fulfilled. In (5.44)  denotes the ionized acceptor concentra-
tion and  denotes the ionized donor concentration (Note that in
Figure 5.3 not all impurities are ionized). Let us focus on a purely n-type

Figure 5.3. Band edges and chemical potentials for a) intrinsic, b) n-doped, and c) p-
doped semiconductors.
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doping with total donor concentration , and zero acceptor concentra-
tion . In this case (5.44) turns into .

In order to calculate  we must know the fraction of electron occupy-
ing the donor levels, which is given by

(5.45)

(5.45) is calculated by applying integration in energy space of a Fermi-
Dirac distribution (5.36) inside the band-gap. Usually there are no energy
levels present. Due to doping we obtain at  a density of states given
by , where the delta function accounts for the fact
that only the energy level  in the band-gap can be occupied. This
gives .

We are left with the task to calculate . We do not know the chemical
potential, but we know from (5.39a) and (5.39b) that, wherever it comes
to lie

(5.46)

holds. Thus we use  and obtain a second order equation for
 reading

(5.47)

Assuming that at the given temperature all donor atoms are ionized
 we obtain

(5.48)

The value in (5.48) must equal that in (5.39a). This gives us the chemical
potential
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(5.49)

In the case of sufficiently low temperatures the ionized impurity concen-
tration plays the leading part and we assume  and thus write

. This limiting case has a chemical potential of

(5.50)

where  was taken from Figure 5.3 b). In Figure 5.4 the chemical

potential in three different temperature regimes is shown. At high tem-
peratures the intrinsic carrier density is much higher than the impurity
concentration and the chemical potential shift to mid-gap. Then there fol-
lows a transition regime. For low temperatures the impurities are domi-
nating and the chemical potential shifts between impurity level  and
conduction band edge .
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5.5 Summary for Chapter 5
The concept of an ensemble allows us to tie many-particle model behav-
ior to that of thermodynamics. Each subsequent ensemble introduces a
further thermodynamic state variable, generalizing the concept. In order
to handle the extraordinary large number of system states that this view
presents, we need to evaluate the partition functions. For this, the particle
statistics are introduced. One important result of this section is a method
with which to obtain the density of states as a function of either k-space,
or of energy. Armed with such an expression, we can describe the behav-
ior of many-particle systems in a very compact manner. At the end of the
chapter we have a good description for the population (the effective den-
sity of states) of charge carriers in the conduction and valence bands of
silicon.

5.6 References for Chapter 5
5.1 F. Reif, Fundamentals of Statistical and Thermal Physics, 
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Chapter 6 Transport 
Theory

The study of semi-classical time-dependent processes usually separates
the constitutive from the balance equations. The idea is the following:
constitutive equations describe the way in which a particular material can
influence a particular transport process, usually by adding resistance. For
example, the atoms of the silicon crystal represent scattering centers for
electrons moving through. Chapter 2 to Chapter 4 discussed these consti-
tutive relations in quite some detail without looking at either transport, or
the interaction between transporting particles. The balance equations
usually implement some postulate of mechanics—these are often called
integrals of the motion. The balance equations demand the conservation
of an extensive property, such as energy, or momentum, and so on. When
we are dealing with an ensemble of particles, with a distribution among
some states, and we do not want to track each particle individually, then
we require a transport theory which is adjusted to this view. Since elec-
trons have many features, and electron transport is so very important in
device engineering, we focus much of our attention on describing the
transport of electrons through silicon. In describing transport we intro-
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duce the concept of scattering. This term will obtain more meaning in
Chapter 7, where we look at the interactions between the various sub-
systems.

Chapter Goal The goal of this chapter is to show how to describe transport phenomena
and how to compute the transport of electrons through a semiconductor
device.

Chapter 
Roadmap

We start with the Boltzmann transport equation, describing its terms, and
show how it should be modified for particular particle types. Zooming in,
we first describe local equilibrium. Next, we see how local equilibrium
and the global balance equations of thermodynamics are related. This
leads us to a number of models for classical and semi-classical transport
of charge carriers in silicon, including the very successful drift-diffusion
equations. Finally, we look at numerical methods used to solve the trans-
port equations.

6.1 The Semi-Classical Boltzmann Transport 
Equation

The semi-classical Boltzmann transport equation (BTE) gives a descrip-
tion of the electronic system in terms of single particle distribution func-
tions , i.e., a time-dependent density in a six-dimensional
single particle phase space. A single particle is identified by its three spa-
tial coordinates and three momentum values. For the momentum of a free
particle we know that . In this case we could write the
distribution function in terms of velocities . From the discus-
sion in Section 3.3.3 we know that this simple relation does not hold in a
semiconductor in general. Though we shall restrict our discussion to
energies near the band extrema, where  holds, with the effec-
tive mass , we prefer to take the wave vector  as the independent
variable. This will remind us that in the case of electron we are dealing
with wave phenomena as well as with particle properties. A more formal
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reason is that position and momentum are canonically conjugated vari-
ables. According to (5.6) the density of states is . Note that for
two independent spin directions an electron may assume this value twice.
Thus  gives the number of particles which
reside in a small volume element  around the position vector  and
in a small volume element  around the wave vector . We think of
this phase space simply as the vector space formed by the three positions
and the three momenta of a carrier.  is a particle density in
phase space similar to the charge density and total charge in (4.33). Per-
forming the integration over the entire phase space  the system
assumes

(6.1)

gives us the number  of particles present in the system.The BTE is a
law of motion for a single particle density to evolve in this space. A gen-
eral treatment of the BTE can be found in 6.1 a more semiconductor spe-
cific description is given in [6.2] and [6.3]

(6.2)

The l.h.s. of (6.2) is called the streaming motion term or convective term.
The path a single particle follows we call a phase-space trajectory.
Knowing this trajectory of a single particle with arbitrary initial condi-
tion the streaming motion term is determined. This will be discussed in
the next section. The r.h.s. of (6.2) is called the collision term or scatter-
ing term and is discussed in 6.1.2.

6.1.1 The Streaming Motion

In the case where  there is only streaming motion
along the individual particle trajectories. These trajectories are given
once the temporal evolution of position  and velocity  of each
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∂ f k x t, ,( ) k̇∇k f k x t, ,( ) ẋ∇x f k x t, ,( )+ + C f k x t, ,( )( )=

C f k x t, ,( )( ) 0=

x t( ) k t( )



Transport Theory

194 Semiconductors for Micro and Nanosystem Technology

particle are known. If there are no particles created or destroyed in a
given volume element of the phase space the total time derivative of the
phase-space density vanishes

(6.3)

where  and  denote the gradients with respect to the wave vector
and the position. A volume in phase-space evolves in time according to
the trajectories that its member particles follow. Assuming that

 and combine position and wave vector into a single
vector  in the six-dimensional phase-space, we rewrite (6.3)
as a continuity equation like that for current continuity in Section 4.1.2

(6.4)

If we write  considering the Newton law, where  does not
depend on the wave vector, and take into account that  does not explic-
itly depend on ,  holds and (6.4) corresponds to (6.3). The
term  we interpret as a probability current density in phase-
space, i.e., the probability density that flows out of or into a six-dimen-
sional phase-space volume element .

For a constant external force  along the x-direction the deformation of
a unit circle in a two dimensional phase space  is shown in
Figure 6.1. Without any applied force the phase-space density changes
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Figure 6.1. Phase-space density 
evolving according to (6.3), a) 
without applied force and b) with 
constant applied force in x-direc-
tion.
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shape from the unit circle to an ellipse. With applied constant external
force the initial circular density is shifted and distorted. Both cases con-
serve the total initial area, i.e., the particle density.

6.1.2 The Scattering Term
In the case where  there are particles removed from a
position in the three dimensional wave vector subspace of the phase
space and put to a new position. This process is nothing else than a
momentum transfer in a scattering process. Suppose the scattering pro-
cess itself takes place on a time-scale much shorter than that defined by
the streaming motion and the time between two scattering processes.
This leads to the assumption that on the latter time-scale all scattering
processes happen instantaneously, i.e., it takes no time for the particle to
switch from one velocity to another one due to the scattering process.
This situation is shown in Figure 6.2 (a-c). Momentum is transferred in a

very short time from an external reservoir to the particle. Imagine small
liquid molecules hitting an object immersed in the liquid or electrons
being hit by phonons. In the case of absent external driving force this
causes the single particle to follow a trajectory as sketched in Figure 6.2
(b) where the particle follows straight lines in space with constant veloc-
ity until it suffers the next scattering event. The situation changes with
applied external field as depicted in Figure 6.2 (c). The trajectories

C f k x t, ,( )( ) 0≠

Figure 6.2. a) Momentum transfer in a scattering process, b) single particle trajectory 
without applied external force field, and c) trajectory in the presence of scattering and 
applied external field.
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6.1.3 The BTE for Phonons
In the case of phonons we know that in equilibrium they follow a Bose–
Einstein distribution

(6.7)

which is the average number of phonons as given in (5.28) with the fre-
quency , where  is the wave vector. From the average num-
ber of phonons we define a distribution function , i.e we allow
for spatial variations of the phonon number density. The only term that
gives a driving force for phonons will be a gradient with respect to the
spatial coordinates. The BTE for phonons thus is given by

(6.8)

We know that the group velocity  is the gradient of
the frequency with respect to the wave-vector . To go further we have to
take into account spatial variations of the phonon frequency ,
which then results in an equation of the form

(6.9)

The reason for the appearance of  is a perturbation of the sys-
tem by a momentum dependent potential, e.g., long wavelength elastic
distortions. Therefore, an anharmonic theory of phonons must be per-
formed [6.6] and a phonon-phonon interaction included (see Section
7.1).

6.1.4 Balance Equations for Distribution Function Moments
In (6.1) the interpretation of the function  as a density
became clear by the integration over velocities and positions. If we only
integrate over the wave vector space we discard any information about
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vq ẋ ∇qω q( )= =
q

δω q x t, ,( )

C q x t, ,( )

t∂
∂ vq ∇qδω q x t, ,( )+( )∇x ∇xδω q x t, ,( )∇q+ + 

  g q x t, ,( )=

δω q x t, ,( )

f k t( ) x t( ) t, ,( )



Transport Theory

198 Semiconductors for Micro and Nanosystem Technology

the velocity of the respective particles and retain only information about
the density in positional space

Density (6.10)

This is equivalent to the zeroth order moment of  with respect
to the wave vector and we call  the spatial density of the system.
The first-order moment

Current 
Density

(6.11)

represents the particle current density, where we know that
 is the group velocity of a particle with a specific k.  is

the average velocity of a particle. This velocity times the particle density
results in the current density as given in (6.11). The energy density

Energy 
Density

(6.12)

is a second order moment if the energy given in the harmonic approxima-
tion . The same approximation yields a third order
moment

Energy 
Current 
Density

(6.13)

that is called the energy current density. In general we have the r-th order
moment  given by

(6.14)

A special second-order moment not contained in (6.12) is the momentum
current density, a tensorial quantity given by
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Momentum 
Current 
Density 
Tensor

(6.15)

where the tensor product denotes . The sum of diagonal
elements (6.15) is proportional to the energy density in the harmonic
approximation. The infinite sequence of moments represents the distribu-
tion of the system as well as  does. So far there is no advantage
in looking at the moments of the distribution function. The only advan-
tage arises when we are satisfied with the knowledge of a few of
momenta, e.g., the particle density.

To derive equations of motions for the momenta given in (6.10)-(6.13)
we integrate the BTE multiplied with powers of velocity  with respect
to the wave vector–space. For this purpose we assume that Newton’s law
holds and the force acting on each particle fully determines the time
derivative of the wave vector, i.e., we may set . Note that
we leave the possibility of the force depending on the particle velocity
open. This will enable us to include interactions with magnetic fields. For
now we assume the force  to depend only on spatial coordinates,
and thus for  we obtain

(6.16)

The first term in (6.16) gives the time derivative of the carrier density
, the second term vanishes due to the Gauss theorem and the fact

that  vanishes exponentially as 

(6.17)

The third term gives, by exchanging integration and spatial gradient,
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The single terms are easily interpreted: first there is the change in energy
density in time, second we have an energy source term, which, with the
electric field as the force term , is the Joule heating of elec-
trons, and third we have the divergence of the energy current density. The
term on the r.h.s. we interpret as an energy relaxation term.

From the balance equations we see that the momentum procedure as
applied to the BTE produces an infinite series of coupled equations: the
continuity equation (6.19) which contains the particle current density that
has its equation of motion given by the momentum balance (6.21) and
contains the momentum current density tensor as given in (6.15). One
part of the momentum current density tensor is the energy density, which
has it equation of motion given by the energy balance (6.22), which in
turn contains the energy current density, i.e., a moment of third order,
which has its own equation of motion coupled to higher moments, etc.

This is an infinite hierarchy of equations that overall correspond to the
BTE. Here the same arguments hold as given for the infinite series of
moments representing the distribution function. Let us assume that for
our purpose additional information about higher r-th moments does only
contribute to marginal changes in the description of our system. This
means that we may break the hierarchy at a certain point and discard or
approximate all higher order moments. Therefore, some knowledge
about approximating or modeling the current densities is needed.

6.1.5 Relaxation Time Approximation
Up to know we did not specify the scattering term of the BTE in more
detail than given by (6.5) or (6.6). The scattering or transition probabili-
ties  must be calculated by taking into account the micro-
scopic interaction process between particles. This is where again
quantum mechanics enters. In this section we will do another approxima-
tion step which is in good agreement with the above–derived moment
equations. We assume the distribution function to be an equilibrium dis-

F qE–=

W k k'→( )
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tribution at least locally in space. In addition we assume that the scatter-
ing term may be written as

, (6.23)

i.e., a rate  multiplied by the deviation  of the actual distri-
bution function  from its equilibrium value , see
Figure 6.3.

From the form (6.23) of the scattering term we immediately derive the
following statements: without any external force term the system
assumes a spatially homogeneous equilibrium state provided that

 does not vary in space. This is called thermodynamic equilib-
rium. Once an external field is applied the distribution deforms until
relaxation term and streaming motion term balance. Schematically this
situation is shown in Figure 6.3. The hatched region represents the differ-
ence . This will be the only part of the distribution function
that results in finite fluxes of moments of any order as calculated above.

Note that the relaxation time has been assumed constant, which may
result in a more restricted approximation than intended. Keeping the
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Figure 6.3. Schematic diagram of 
equilibrium and stationary 
deformed distribution function as 
a result of the relaxation time 
approximation for the scattering 
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relaxation time  as a function of  may even allow for anisotropic
effects and different relaxation laws for the moments of a specific order.
This is why in the balance equations we might distinguish between parti-
cle relaxation, momentum relaxation and energy relaxation terms. This in
turn makes a difference for the dynamics of momentum and energy and
may allow for further distinguishing timescales of the respective
moments.

Bloch 
Oscillations

Before proceeding with local descriptions we look at the phenomenon
called Bloch oscillations. Therefore, we drop our assumption of para-
bolic band and look at a the entire conduction band periodic in momen-
tum space that may be described by 

. Suppose an electron starts at  with
 at the conduction band edge at the space point . Owing

to an applied electric field  it accelerates and gains momentum accord-
ing to Newton’s law . For small momenta

 and thus the velocity of the electron is given by
. For the given dispersion relation after half of the

Brillouin zone the velocity of the particle starts to decrease with increas-
ing momentum until at the zone edge the velocity is zero. Moreover fur-
ther acceleration results in a negative velocity, i.e., the particle turns back
to its starting point  where the whole process repeats. This is a striking
consequence of the conduction band picture of electrons since a constant
electric field applied results in an alternating current. It is contrary to our
experience of electronic behavior under normal circumstances and thus
there must rather be something wrong with the picture. Indeed, a very
important thing is missing in the description above: the interaction of the
electron with phonons. At room temperature the huge number of phonons
provide many scattering events so that the above scenario is not observ-
able. Even at very low temperatures where only a few phonons exist the
emission of phonons impedes this effect. As soon as an electron gains
enough energy it will bounce back in energy emitting a phonon and
restart to accelerate until it newly loses energy to the phonon system.
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Since optical phonons have energies of about 50 meV and the conduction
band has a width of the order of 1 eV and more there, will be almost no
electrons able to overcome this barrier and turn back. Therefore, in a bulk
semiconductor crystal Bloch oscillation are not observed.

On the other hand, the above example tells us that all material properties
of electrons needed to describe fluxes of moments like the energy current
density or the particle current density are in this special case due to
phonon interaction, i.e., momentum transfer between the phonon system
and the electronic system. Since there is a dissipation channel opened for
the electronic system, these fluxes are termed irreversible. The term in
the BTE responsible for this process is the collision term, which we have
approximated in this section by a relaxation time. Therefore, all constitu-
tive laws for the current densities will be connected to this relaxation
time.

6.2 Local Equilibrium Description
As already pointed out in the previous section, we want to analyze what
kind of constitutive equations follow from the deviation from thermal
equilibrium if we apply a relaxation time approximation. Therefore, we
introduce the picture of local equilibrium. This means that at least locally
in position space a thermodynamic equilibrium distribution 
exists to which  relaxes. Let us assume that the equilibrium dis-
tribution is given by a Fermi distribution

(6.24)

We see that in (6.24) the chemical potential  and the temperature 
appear time and space dependent.
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6.2.1 Irreversible Fluxes and Thermodynamic Forces
The distribution function that locally deviates from its equilibrium value
is given by . Once we have

 it is possible to calculate all the current densities introduced
in 6.1.4 as moments of . We insert the expansion of the distri-
bution function into the BTE (6.2) with the scattering term given by a
relaxation time approximation (6.23) and obtain

. (6.25)

The deviation is assumed to be small and thus to a first approximation its
contribution to the streaming motion term is neglected. We obtain

(6.26)

Inserting (6.24) in (6.26) we can immediately solve for . To
this end we calculate the effect of the streaming motion operator on the
Fermi distribution as given by (6.24), where the gradient in k-space gives

. (6.27)

The gradient in real space is

(6.28)

The partial derivative with respect to time gives

(6.29)

Solving (6.26) for  we obtain
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(6.30)

We restrict the situation to a stationary analysis, where the time deriva-
tives in (6.30) vanish. Let us assume that the external force  is given by
an electric field , which itself can be expressed as the gradient of an
electrostatic potential (see (4.34)). The force acting on an electron is then

. Note that the minus sign is due to its negative
charge. This allows us to combine the chemical potential  and the elec-
trostatic potential  into one term forming the electrochemical potential

Electro-
chemical 
Potential

(6.31)

Then the current densities become

Current 
Density

(6.32)

and

Energy 
Current 
Density

(6.33)

By a simple manipulation we ca see that the latter consists of two terms

(6.34)

With (6.34) we see that the current density consists of two parts: one that
is due to particle transport through spatial regions  and a second that
is due to heat transport . Since the first part of the energy current is
proportional to the particle current, in the following we focus on  and

. Both current densities suggest a general structure of the form
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(6.35)

 represents the respective thermodynamic force, which in this special
case is

(6.36)

the gradient of the electrochemical potential and the thermal driving
force

(6.37)

which is the temperature gradient per unit temperature. , the so–
called transport coefficients, connect fluxes and forces. In real anisotropic
materials they are found to be tensors. The first coefficient to be calcu-
lated relates the particle current density to the applied electrochemical
potential

(6.38)

The next two coefficients are symmetric and given by

(6.39)

They tell us, in principle, what part of the particle current flows due to the
temperature gradient applied, or what part of the heat current results from
an applied electrochemical potential gradient. In reality they are not
directly observed, and we shall discuss this later. The last coefficient
gives the heat current due to a thermal driving force

(6.40)

jn

jQ

N11 N12

N21 N22

– X1

X2

=

X j

X1
η∂
x∂

------=

X2
1
T
--- T∂

x∂
------=

N ij

N11 τ–
f 0∂

E∂
-------- v v⊗( )

V
∫ d3v=

N12 τ–
f 0∂

E∂
-------- E µ–( ) v v⊗( )

V
∫ d3v N21= =

N22 τ–
f 0∂

E∂
-------- E µ–( )2 v v⊗( )

V
∫ d3v=



Transport Theory

208 Semiconductors for Micro and Nanosystem Technology

We know from the discussion about Bloch oscillations that for real band
structures the velocity vectors in (6.38) have to be replaced by

. This leads to more complicated integrals for the transport
coefficients. In the same way a momentum–dependent relaxation time 
must be kept in the integrand. Thus we must be aware of the fact that we
are in the regime of a harmonic approximation with constant relaxation
time. Let us rewrite the two equations (6.35) as

(6.41a)

(6.41b)

where  is the electron current density.

Transport 
Coefficients 
and their 
Significance

Two special cases help us to understand the significance of the transport
coefficients:

1. In the absence of a thermal gradient and for a homogeneous material

( ) we can easily verify that  is proportional to the elec-

trical conductivity , exactly

Electrical 
Conductivity

(6.42)

From (6.11) we know that the electrical current density for electrons

may be written as . Thus the electron drift

velocity is given by  and the constant of proportionality is

called the electron mobility

Carrier 
Mobility

(6.43)

We are already well familiar with the coefficient  and now under-
stand the microscopic origin from which it comes. The absence of a
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thermal gradient may nevertheless leave us with an electrical current
induced heat flow, i.e.

(6.44)

The last factor of proportionality between the thermal current density

 and the electrical current density  is termed the Peltier coeffi-

cient

Peltier 
Coefficient

(6.45)

Since thermal currents are not directly observable but rather their gra-
dients, we recall the energy balance equation (6.22) in the form

(6.46)

In terms of the electrical current density, using the definition of the
electrochemical potential (6.31), we therefore have

(6.47)

The second term in (6.47) we identify as the Joule heating that a cur-
rent produces. Note that it is quadratic in the current density and its
coefficient is the inverse of the electrical conductivity as given by
(6.42). After the discussion of Bloch oscillations it became clear that
electrical conductivity is due to a coupling of electrons to a new dissi-
pation channel, namely the phonon system. This coupling was intro-
duced phenomenologically by means of the relaxation time
approximation. The first term in (6.47) shows that no effect will be

observed in a homogeneous material, since with ,

. No prediction about  is possible. Therefore, we look at

the interface or two materials  and  with different Peltier coeffi-

cients  and , and two different electrical conductivities 

and .
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Suppose we have a constant current flowing from material  to , as
indicated in Figure 6.4.

Integrate (6.47) over small volume around the interface between A
and B

(6.48)

Peltier Effect Integration and taking the limit in (6.48) are equivalent to asking for
the amount of heat produced in a very small region around the inter-

face. We see that in the limit  the second integral vanishes, i.e.,
the Joule heating is a volume effect, whereas the first integral gives a

finite contribution in this limit if , i.e., it is a surface or inter-

face effect. This means that we have a local heating or cooling at the
interface between material A and B, which is called the Peltier effect.

2. If there is no particle current present, i.e., , then, according to

(6.41a), the electrochemical potential gradient is completely deter-
mined by the temperature gradient

(6.49)

Their constant of proportionality divided by the unit charge
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Figure 6.4. Contact between two 
different materials showing the 
Peltier effect.

A B

z
0 ε−ε

ΠΠA B

jz

t∂
∂ u x t,( ) zd

ε–

ε

∫ε 0→
lim i ∇Π zd

ε–

ε

∫– i2 1
σ
---

ε–

ε

∫ dz+
 
 
 

ε 0→
lim=

iz– ΠB ΠA–( )=

ε 0→

ΠB ΠA≠

jn 0=

∇η
N12

T N11
-------------– ∇T=



Local Equilibrium Description

Semiconductors for Micro and Nanosystem Technology 211

Absolute 
Thermo-
electric 
Power

(6.50)

is called the absolute thermoelectric power of a material. If we insert
this into (6.41b) we obtain

(6.51)

where the coefficient of the temperature gradient is called the thermal
conductivity

Thermal 
Conductivity

(6.52)

Let us go back to the case where there are two different materials 

and  in a ring like structure as shown in Figure 6.5. The ring is open

anywhere in the material B, where there is a temperature . The

interfaces between the two different materials are kept at tempera-

tures  and . We integrate (6.49) along a path  from  to 
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different materials showing See-
beck effect.
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(6.53)

This yields

(6.54)

Since  and  are located in the same material ,  holds

and (6.54) gives us the so–called absolute differential thermovoltage

Absolute 
Differential 
Thermo-
voltage

(6.55)

which is the inverse of the Peltier effect, i.e., an electrostatic potential
difference builds up in a system of two different materials where no
current is flowing due to a temperature gradient.

6.2.2 Formal Transport Theory
Our analysis here will be strictly macroscopic, and for this we invoke
equilibrium thermodynamics. Assuming local equilibrium we might still
say that the temperature and the electrochemical potential are “good”
quantities, at least locally. We allow them to vary in space. In particular,
we start with the fundamental energy relation (B 7.2.3) which we write
using density extensive variables and for multiple component particle
systems with densities  and their respective intensive chemical poten-
tials 

(6.56a)

(6.56b)

When this expression is taken per unit time, we obtain the rate equations
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(6.57a)

(6.57b)

where in (6.57b) we are restricted to a single type of particle. It employs
the current densities for entropy, energy, and particles, and is also obtain-
able from the entropic fundamental relation (B 7.2.7). Since energy den-
sity and particle density are both conserved, we have that

, and . Entropy density is not con-
served, so that

(6.58)

From (B 7.2.7) we obtain that

(6.59)

with the entropic intensive parameters , and .
The divergence of (6.57b) gives

(6.60)

Inserting (6.59) and (6.60) into (6.58) results in

Entropy 
Production 
Defines the 
Affinities and 
Fluxes

(6.61)

At this point we allow the inclusion of external forces as well. In particu-
lar, we have to do so for the charged particles, which are also subject to
the Lorenz force
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(6.62)

that is caused by an externally applied electromagnetic field. This means
that we have to modify the particle affinities to yield

(6.63)

However, since by definition the particle current densities and the particle
velocity vectors are parallel, the cross products drop out of the result and
we obtain

, or (6.64a)

(6.64b)

if we make use of the relation between the electric field and the electro-
static potential . We see that entropy production by the electrons or
holes is naturally “driven” by two forces, their concentration gradient (or
chemical potential gradient) represented by , and the externally
applied field (or electrical potential gradient) represented by . We can
now simplify matters by introducing the electrochemical potential  for
the charge carriers to obtain

(6.64c)

Noting that

(6.65)

and

(6.66)

we obtain
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(6.66a)

Using  in the fundamental energy relation (B 7.2.4) we
obtain , which, when inserted into (6.66a), gives

(6.66b)

and which defines the affinities associated with the fluxes (see Box 7.2)
of this system. Equation (6.66a) also tells us that the heat flux is com-
prised of energy transport as well as particle energy transport, and that
the affinities needed for the following steps are the gradients of tempera-
ture and particle electrochemical potentials.

Assumptions 
Needed to 
Define the 
Transport 
Coefficients

We now summarize the assumptions underlying the previous analysis for
transport coefficients

• The system has no “memory” and is purely resistive. The fluxes
depend only on the local values of the intensive parameters and on the
affinities, and do so “instantaneously”.

• Each flux is zero for zero affinity. If we add the assumption of linear
dependence, we can truncate a series expansion of the fluxes w.r.t. the
affinities after the first nonzero term, i.e.,

(6.67)

for  transport entities, and assuming that the transport coefficients

 are of tensor nature.

The remarkable Onsager theory proves that, in the presence of a mag-
netic field , and hence that, in the absence of a mag-
netic field . The approach in the above section was to write
down formal expression for the transport components, and then to associ-

ṡ 1
T
--- T∇

T
-------- 

 – ju ηn jn•–( )• ηn∇–( ) jn•+
 
 
 

=

dQ TdS=
jq ju µn jn⋅–=
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ate the terms from the thermodynamic expressions that we have obtained
before. Many solid-state silicon devices have been invented that exploit
these effects. We discuss some of these in Section 7.3.6.

6.2.3 The Hall Effect

Taking a magnetic field into account in the carrier drift force term
, one part of  is given by the electric field and the

other by the Lorenz force. This Lorenz force causes the electrons to move
to the one side of the conductor, while the electrons move to the opposite
side (see Figure 6.6). This results in a potential difference perpendicular
to the current direction. Therefore, the equipotential lines are shifted by
an angle . Placing two contacts on the boundary of the conductor as
shown in Figure 6.6, the potential difference can be measured. The so–

called Hall voltage is directly proportional to the component of the
applied magnetic field perpendicular to the Hall plate.

To describe this effect we first insert the expression for  containing the
Lorenz force directly into (6.30) and see that the effect of the magnetic

F q– E v B×+( )= F

Θ

Figure 6.6. Schematic diagram of a Hall plate showing the electric potential distribution 
due to an out–of–plane magnetic field.

θ
S

B

w
V

HV

F



Local Equilibrium Description

Semiconductors for Micro and Nanosystem Technology 217

field drops out. Thus for the inclusion of magnetic field dependence in
(6.30) higher order terms must be considered. Neglecting the whole
streaming motion term of  was therefore a too restrictive approxima-
tion. To this end, we keep the keep the gradient with respect to k from the
streaming motion part

(6.68)

where we assumed the isothermal case, hence the temperature gradient
vanishes. Equation (6.68) can be solved iteratively by replacing  by
a series expansion in ascending powers of . Then we have to the lowest
order

(6.69)

with , where we used . For the case of an
anisotropic material,  is the inverse of the mass tensor 

(6.70)

where we assumed the effective mass tensor to be diagonal. This means,
furthermore, that in the iterative solution (6.69) all tensorial terms con-
taining the effective mass have to be maintained. In this case we obtain

(6.71)

δf

δf τ
f 0∂

E∂
--------- v∇η

q
—
--- v B×( )∇kδf+ 

 –=

∇kδf
B

δf τ
f 0∂

E∂
---------v

∇η s ∇η×( ) s s∇η( )+ +

1 s2+
------------------------------------------------------------------–=

s qτ m∗( ) 1– B= v —k m∗⁄=
m∗( ) 1– M

M

m1 0 0

0 m2 0

0 0 m3

=

δf τ
f 0∂

E∂
---------

∇η qτ B M 1– ∇η×( )
q2τ2

M
---------- B∇η( )MB+ +

1
q2τ2

M
----------BMB+

---------------------------------------------------------------------------------------------------------–=



Transport Theory

218 Semiconductors for Micro and Nanosystem Technology

We use (6.71) to calculate the electric current density  for elec-
trons from the form given in (6.11) and assume that the material is homo-
geneous, i.e., . In this way we obtain three contributions

(6.72)

where the components of the tensors  are given by [6.2]

(6.73)

The rank two tensors  are called the generalized transport coefficients.
They reflect the fully anisotropic character of constitutive equations in a
crystal. To simplify the discussion, we now write (6.72) by defining a
generalized constitutive equation for the current density

(6.74)

where the effective conductivity  is defined by

(6.75)

and where  is the identity matrix. The matrices  and  are given by

(6.76a)

(6.76b)

Note that these equations are given in coordinates of the crystal direc-
tions. Thus, for the effective masses we may chose the two different
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masses of Silicon according to the crystal direction. The relaxation time
is taken to be constant in (6.73). We may roughly estimate its value

: this corresponds to an average electron mobility of
about 0.145 , as is the case for low–doped silicon.

6.3 From Global Balance to Local Non-Equilibrium
The route from global to local equilibrium and further through different
length scales is best explained in the schematic diagram of Figure 6.7.

τ 5 10 14–× s=
m2 Vs⁄

Figure 6.7. This diagram compares the transport theory levels with their respective equa-
tions. The ordering of the levels follow the applicable length scale.
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We have encountered several of the levels and descriptions up to now.
The only job left is to describe the global balance picture.

6.3.1 Global Balance Equation Systems
In a global balance equation system we consider only the contacts and
integrate over their cross-sections to obtain currents instead of current
densities. At this level we have lost the distributed nature of transport
phenomena. Global balance simulation programs treat networks of
devices that are connected through one–dimensional idealized wires.
These wires do not dissipate energy and all functionality is concentrated
in the single devices. The resulting equation of motion is no longer a par-
tial differential equation but rather a system of ordinary differential equa-
tions. This is why we call such systems concentrated parameter systems
or lumped models.

6.3.2 Local Balance: The Hydrodynamic Equations

Recall the balance equations for the moments (6.19), 6.21) and 6.21), and
rewrite them in a slightly different manner, i.e., put , ,
and . Here we introduced  as the average energy of the
electrons and used the average velocity  as given in (6.11). The colli-
sion terms on the r.h.s. of the balance equations are interpreted as rates of
changes due to collisions for the carrier density, the current density and
the energy, respectively. Therefore, we write

(6.77a)

(6.77b)

(6.77c)

Thus we have for the density balance equation
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(6.78)

We use the force term  and performing the time derivative of
 taking (6.78) into account the momentum balance equation

will read

(6.79)

We write  and then
obtain

(6.80)

where we have replaced the momentum current tensor  by the temper-
ature tensor . This is done by performing the integral in (6.15) over the
differences between the microscopic group velocities and the average
velocities

(6.81)

We interpret the r.h.s. of (6.81) as this part of the average energy that
remains when we subtract the average kinetic energy in harmonic
approximation  from the total average energy. This is a
term that shows random motion with vanishing average velocity, namely
the temperature. This means that we can write the average energy consis-
tent of two parts as  =  + , where the trace opera-
tor on a tensor means . With the same arguments
we obtain

(6.82)

where we set the heat flow  as
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(6.83)

Equations (6.78), (6.80), and (6.82) are referred to as the hydrodynamic
model for the motion of electrons in a semiconductor crystal. Together
with the same set of equations that can be derived for the defect electron
or hole density  they form the basis for bipolar charge carrier transport
in semiconductors. However, note that (6.78), (6.80) and (6.82) are a
finite set of equations. It contains more unknowns than equations, i.e., it
is underdetermined. Therefore, simplifying assumptions are needed to
give a closed form. For specific forms of simplifying assumptions regard-
ing the temperature tensor  we refer the reader to the literature [6.4,
6.5].

6.3.3 Solving the Drift-Diffusion Equations

There is only one important equation missing to complete the set of
hydrodynamic equations, the Poisson equation (4.35). This equation
relates the moving charge carriers to the formation of the internal electro-
static potential in a crystal and is written as

(6.84)

where  stand for the ionized acceptor and donor concentra-
tion respectively. So far there is nothing special about these equations
and one could think that it is straight forward to solve them via a simple
finite difference scheme. This approach is far from having any chance to
result in a solution of realistic problems in semiconductor transport.

The subset of the hydrodynamic equations that contains only the density
balance for electrons and holes together with (6.84) is referred to as the
drift-diffusion model. Let us focus on the stationary problem ( ,

), that results in the following three partial differential equations
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Drift– 
Diffusion 
Equations

(6.85)

where  is the displacement vector with the constitutive equation

(6.86)

where the dielectric constants  and  are defined in Chapter 4.

(6.87a)

(6.87b)

The net recombination rate  describes a destruction of holes and elec-
trons in pairs, i.e., the events per unit time an electrons goes from the
conduction band into the valence band. Therefore, the same number
occurs in both equations (6.87a) and (6.87b). The respective constitutive
equations for the currents are

(6.88a)

(6.88b)

where  and  are the electron and hole mobility, respectively, and
 and  denote the respective diffusion constants. The Einstein rela-

tions relate these two quantities by

(6.89a)

and

(6.89b)

In (6.89a) and (6.89b) we encounter the temperature . This means that
our model discards any information about the temperature distribution in
positional space, i.e., we have assumed a global uniform temperature of
electrons and holes that coincides with the lattice temperature.
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In order to solve equations (6.85)–(6.87b) we use the box integration
method. The idea is to discretize the simulation domain in terms of boxes
surrounding each discretization node this way that the whole simulation
domain is completely covered by the box subdomains. These subdomains
do not overlap. A schematic view is given in Figure 6.8.

We rewrite equations (6.85)–(6.87b) as follows using Gauss’ theorem

(6.90a)

(6.90b)

(6.90c)

which is more suitable to explain the idea behind the box integration
method.  and  denote the volume and the boundary of a box and  is
the normal vector on the boundary of the box, shown in Figure 6.9.

Figure 6.8. Schematic view of a 
two–dimensional triangular grid 
with the boxes (shaded) defined by 
the normal bisectors the sides 
emanating from a given node.
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The discrete form of (6.90a) is found by assuming that  varies linearly
along the edges connecting two nodes and thus is a linear function on the
two dimensional triangular element, e.g., defined by the nodes ,  and 
in Figure 6.9. Therefore, the corresponding flux  is constant. Let us
integrate on the part of the box associated with note  that lies in the ele-
ment defined by ,  and . This gives us two contributions from the sur-
face integral form the flux displacement vector

(6.91)

where  is the surface of the part of the box around node  lying in the
triangle . Here we introduced the unit vector in the respective
directions  and , that are associated with the box
surface elements  and . In terms of the electrostatic potential (6.91)
reads

(6.92)

Figure 6.9. Two–dimensional tri-
angular element with nodal indi-
ces i, j, k. The three vectors , 

 and  represent the edges 
connecting nodes j to k, k to i and i 
to j, respectively. The cross sec-
tions for the fluxes are ,  and 
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where we scaled the electrostatic potential in terms of the thermal voltage
according to

(6.93)

The r.h.s. of (6.92) is a product of the nodal value  of the charge den-
sity and the area of the portion of the box surrounding node  that lies in
the element. The discretization of (6.90b) and (6.90c) has to be per-
formed with care since we have already made assumptions on the poten-
tial. Introducing (6.89a) and (6.93) into (6.88a) yields the electron
current density

(6.94)

 may be projected on an edge of the triangular element, say , to
give

(6.95)

The projection  is assumed to be constant along the edge . This
constrains the element size to a length scale where the assumption is ful-
filled. On the other hand, the linear potential function on the edge

(6.96)

leads to a differential equation for  along 

(6.97)

Integrating (6.97) from node  to node  yields
.  and  are the values of  at nodes

 and , respectively.  is the Bernoulli func-
tion for the argument . Thus the flux of  related to node

 enters (6.90b) to give
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(6.98)

Here we used  and  as the values of the diffusion coefficient
along the edges  and .  is the value of the recombination rate at
node . For inhomogeneous materials these values have to be deter-
mined by appropriate averaged values. The same equation as (6.98) holds
for the defect electron with the restriction that all  have to be replaced
by  and the indices at  have to be reversed.

6.3.4 Kinetic Theory and Methods for Solving the BTE
The term kinetic theory means that a description of the system is given
where no assumptions about the distribution function are made. There is
no parametrization by a few parameters, e.g., the temperature. Moreover,
the non-equilibrium situation could even prohibit a definition of parame-
ters like the temperature. This implies that a full solution of the Boltz-
mann transport equation must be obtained. There are several methods to
solve this task that require more or less computational effort and lead to
more or less accurate results. In the following we shall discuss four of
them.

Iterative 
Method

The iterative method makes use of a transformation of the BTE into an
integral equation. Write (6.2) in the form

(6.99)

where we used

 and (6.100)
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With (6.100) we can immediately solve the homogeneous equation
(6.99), to give

(6.101)

This equation tells us that with  all the phase space density
 would move according to (6.100) to the new position at

 and  to give . The fact that  lowers the
arriving density at time . This is because while moving some of the den-
sity is scattered out from the deterministic path. There is a particular
solution of the differential equation found that reads

(6.102)

The total solution given by  is obtained by iteratively insert-
ing  into (6.101) and (6.102). This procedure is very interesting for sta-
tionary problems in spatially homogeneous materials.

Direct 
Integration

The direct integration requires a discretization of the partial differential
equation, the BTE. Remember, however, that this requires a discretiza-
tion in a six-dimensional phase space. The problem then grows as ,
where  is the number of discretization points for each of the phase
space directions. Therefore, this method is not suitable for problems that
require the full dimensionality because no sufficient accuracy may be
achieved.

Monte Carlo 
Simulation

This is a stochastic method that works by creating stochastic free flight
between the collisions (see Box 6.1). Since all the scattering probabilities
are known, one can generate a random series of collision–free determin-
istic motions of a particle, e.g., according to (6.100). At the and of each
deterministic motion stands a scattering process, which in turn is also
generated stochastically. The distribution function  is generated either
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Box 6.1. The Monte Carlo method.
Principle. The conduction of charge carriers 
through a crystal is well approximated by a classi-
cal free flight of the carrier under the influence of 
its own momentum and the applied electromag-
netic fields, interspersed by scattering events 
which change the momentum and energy of the 
carrier. As we have seen, the scattering has many 
causes, including the phonons, the impurity ions 
and the other carriers.

The basis of the Monte Carlo method is to simu-
late carrier transport by generating random scat-
tering events (hence the name Monte Carlo or 
MC) and numerically integrating the equations of 
motion of the carrier once the new momentum 
vector is known. Because in principle the MC 
needs to consider each carrier, and must collect 
enough data to be statistically relevant, it is very 
time consuming to calculate.

Integration. During free flight over a time inter-
val  the carriers behave classically, hence we can 
write the classical Newton relationship

(B 6.1.1)

for the position  and momentum . The 
the force acting on a carrier is caused by the elec-
tric field  acting on the carrier

(B 6.1.2)

Just before the next collision, the position and 
momentum have the following values

(B 6.1.3)

for an energy increase of  during the interval. 
Typical 1D trajectories are shown in Figure 
B6.1.1.

Event generation. The scattering events are the 
key to the MC method, and are generated by a 

series of pseudo random numbers: the onset of 
scattering; the choice of scattering mechanism; the 
post-scattering momentum value; the post-scatter-
ing momentum direction. The scattering events 
typically included are: ionized impurity scattering, 
inter-valley absorption and emission and electron–
phonon scattering. The terms also take into con-
sideration that the scattering rate is energy depen-
dent and that photons can be absorbed and 
generated. In this way a high degree of realism is 
achieved.

Self-consistency. After initializing the simulation 
domain with carriers with position and momen-
tum, the algorithm achieves a balance between 
classical electrostatics and the transport of carriers 
by the following repeated steps for each carrier: 
generate a lifetime ; compute the position 
and momentum  at the end of the free-flight 
step; select the next type of scattering event; com-
pute the post–scattering position  and 
momentum ; decide if the trajectory has 
reached a boundary or contact, in which case it 
should be reflected or discontinued. If a contact is 
reached, inject a new carrier at the complementary 
contact; At regular intervals, recompute the elec-
tric field with the Poisson equation.
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Figure B6.1.1. Typical 1D position and 
momentum trajectories for the Monte Carlo 
method.

kx

x

τ x τ( )
-

p τ( )
-

x τ( )
+

p τ( )
+



Transport Theory

230 Semiconductors for Micro and Nanosystem Technology

by time average or by an ensemble average, depending on whether the
problem is ergodic or not. This method is very convenient since it follows
the microscopic motion of a particle. Also, depending on how accurate
the result must be, it is more or less time consuming. Modern Monte
Carlo techniques are refined with respect to the questions asked. For high
accuracy needed in only specific parts of the phase space there are
already highly optimized algorithms and even commercially available
computer programs.

Spherical 
Harmonics 
Expansion

The idea behind this method is to expand the distribution function in
terms of spherical harmonic functions using the coordinate reference sys-
tem  in -space.

(6.103)

The information about the angular dependencies is now put into the
spherical harmonics  with  given by

(6.104)

These are orthogonal functions in the  space. Therefore, inserting
(6.103) into the BTE and multiplying by a given  gives after integra-
tion an equation for . In this way we obtain a whole hierarchy of
equations without the assumption of a local equilibrium like for the
moment equations. The disadvantage is that it is still a four-dimensional
problem and thus is best suited for two-dimensional problems in posi-
tional space. An additional drawback is that not the whole hierarchy can
be solved for and higher order objects have to be neglected at some point.
Nevertheless, this method gives good results if a resolution in -space is
needed.
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6.4 Summary for Chapter 6

The chapter started with the Boltzmann transport equation. It describes
the way in which a particle density moves through configuration space
along a phase space trajectory. The BTE is a balance between the stream-
ing motion of particles along their phase space trajectories and the scat-
tering forces that modify this path. We saw that, depending on the
requirements of our model, the one or the other transport description has
to be applied. Modern electronic device simulators for electron transport
in semiconductor combine the different levels of description in one appli-
cation. This so called mixed–mode simulation applies the detailed
description of local non–equilibrium where it is necessary, manages a
local equilibrium description where it is adequate, and includes boundary
conditions from a circuit connected to the device defined on a global bal-
ance level.
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Chapter 7 Interacting 
Subsystems

The interactions among the phonon, electron, and photon pseudo parti-
cles and with the classical fields of strain, electromagnetics and thermal
gradients are the cause of a range of effects that are exploited in many
amazing semiconductor devices we know today. In this chapter we con-
sider those solid-state effects that are used in the well-known devices of
microelectronics, such as the diode and the transistor, and we also take a
look at the solid-state effects that are exploited in the devices of micro-
technology, and ever increasingly, the devices of nano-technology. In
fact, some effects may hamper devices from one application area, and
and hence be termed parasitic, whereas in another field they become of
primary interest, providing a way to measure an external quantity or pro-
vide a source of actuation. Mechanical stress or the temperature are two
typical examples of effects that are either parasitic or useful, depending
on how and where they arise. In the pressure sensor, or the atomic micro-
scope beam, the level of stress is measured in a resistor to indicate the
level of deflection of a membrane or the beam—here stress is useful.
However, when a magnetic field sensor is packaged carelessly, it shows
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an offset in the measured magnetic field sensor that is more indicative of
packaging stress levels and the temperature—in this case the stress is
parasitic.

The chapter shows how interactions have successfully lead to innovative
semiconductor devices, and how the preceding analysis can help both to
understand the phenomena, as well as to extract design rules that help
create better device and system designs. Ultimately, in our view, engi-
neering theory is justified when it leads to better design methods. Of
course we cannot deal with all possibilities, and as a result we have made
a selection based on our own interests. We hope, however, that one con-
cept will remain more strongly than others: that it is the interaction or
coupling of natural “systems” that lead to useful (or annoyingly para-
sitic) effects.

Chapter Goal The goal of this chapter is to explore the interactions that arises between
some of the “pure” effects of the preceding chapters.

Chapter 
Roadmap

The road map for this chapter, which is the longest of the book, is illus-
trated in Figure 7.3. In each major section is inspired by a block in the

Figure 7.1. The basic subsystems 
that can interact to produce spe-
cial effects: Phonon-phonon, 
phonon-photon, etc. The boxes 
marked by a flash are treated in 
this chapter. Also see [7.9].
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diagram. The dark blocks indicate interactions between similar particles,
i.e., phonons with phonons. The lighter blocks indicate interactions
between different particle families. We do not restrict ourselves only to
quantum phenomena, but also include effects that are comfortably
described by a more classical model. At the end, we look at effects that
arise due to material inhomogeneities, i.e., when we depart from the
“infinite”, perfect silicon crystal.

7.1 Phonon-Phonon

The harmonic potential is in fact a truncated series expansion model (see
(2.13)) of the true crystal inter-ion potential, and as such is not capable of
explaining all lattice phenomena satisfactorily. If we include further
terms of the series, we say that the potential is anharmonic.

An-
harmonicity

This has a host of consequences: the phonon frequencies become shifted
from their harmonic frequencies; anharmonic phonons interact with each
other; a phonon in a particular state has a finite lifetime before it disap-
pears, and this fact is due to an anharmonic phonon-phonon interaction.
We will briefly discuss two important further consequences in the sec-
tions to follow: the lattice thermal conductivity and the expansion of the
lattice with temperature, both of which cannot be explained with the har-
monic potential. But first we take a closer look at the concepts of interac-
tion and lifetime.

7.1.1 Phonon Lifetimes

Phonon 
Lifetimes

The theory required for an adequate description of phonon lifetimes is
fairly involved, going beyond the level and goals of this text. Instead, the
interested reader is referred to Madelung [7.10]. Here we provide only a
brief description of the phenomena. Each of the third and fourth terms of
the series expansion of the interatomic potential can be written in a man-
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ner that expresses it as a three, respectively a four phonon interaction. For
the three phonon interaction, four different actions are possible from this
description:

• Absorption of a phonon, with two photons created;

• Absorption of two phonons, with one phonon created;

• Absorption of three phonons (energy balance violation);

• Creation of three phonons (energy balance violation);

The lifetime  is then defined as the inverse of the probability that a par-
ticular phonon state  with wavevector  will, through one of the inter-
actions above, disappear. The probability is formed by summing over all
possible interactions to destroy a phonon given all possible distributions
among the phonon states, minus all possible interactions to create a
phonon given all possible distributions among the phonon states. In anal-
ogy to other “particles”, given the existence of a phonon lifetime , the
phonons are now also endowed with a mean free path .

7.1.2 Heat Transport

Thermal 
Conductivity

Because the phonons transport energy through the crystal, and are gener-
ated by raising the temperature of a crystal, we expect that the macro-
scopic laws of heat conduction will be predicted by the microscopic
lattice phonon model, at least for electrically insulating materials in
which heat transport is not dominated by freely moving energetic elec-
trons. Macroscopically, heat conduction in a solid is observed to be gov-
erned by the Fourier law

(7.1)

which relates the heat flux density  in  to the negative tempera-
ture gradient  in  through the material’s thermal conductivity
(tensor)  in .
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The harmonic model for the lattice predicts that once a lattice wave is set
into motion, it continues forever, i.e., there is no resistance to energy
transport. We know from observations that this is not true. Already the
fact that a crystal is limited in extent introduces reflections and distur-
bances to the perfectly homogeneous lattice model. However, all “parti-
cles” travelling through a real lattice also experience scattering centers,
i.e., phonons interacting with each other, and this is what ultimately
causes finite thermal resistances. Since a full derivation of the heat con-
ductivity goes well beyond the level of this text (again, the interested
reader should consult Madelung [7.10]), we instead look at an alternative
formulation [7.2].

Our model assumes that we have a small, one-dimensional temperature
gradient along the negative x-axis, as illustrated in Figure 7.2. For the

point  along the axis, our approach will be to estimate the 1D phonon
energy flux  that arrives due to the scattered phonons. For a phonon
mean free path of , we may assume that all phonons arriving at 
come from the surface of a sphere of radius . These phonons will have
on average the velocity . If we call  the angle that a point of phonon

Figure 7.2. (a) Phonons arrive at point  from a sphere of scattering centers with radius 
equal to the mean free path length. (b) Nomenclature for the solid angle integration.
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origin (a scattering centre) on the sphere, say , makes at  with respect
to the negative x-axis, then that phonon has a velocity component along
the x-axis of . Like the temperature, the internal energy is also
assumed to vary only along the x-axis. This means that the phonons
arrive at  with an internal energy density of . The aver-
age energy current in the x-direction is now the solid angle integral of the
the product of velocity with energy density . To
obtain the differential solid angle as a function of  we take the ratio of
the differential surface area to the total spherical area, i.e.,

(7.2)

Thus we have to evaluate

(7.3)

Note the change of variables  and the new integration limits.
We next expand the energy density  about the position . We drop the
quadratic and higher terms to obtain , and insert
this into (7.3) and evaluate

(7.4)

Remembering that , we can
relate the derived to the phenomenological equation

 and hence (7.5a)

(7.5b)
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where  is the phonon lifetime or relaxation time, which in turn is the
the inverse of the phonon scattering rate.

Clearly, (7.5a) predicts that  is temperature dependent, with three
potential sources. We do not expect the phonon velocity  to show a
strong temperature dependence for the solid state, since its value should
be proportional to the root of the material density. In Section 2.4.2 we
have seen that the specific heat at high temperatures tends to a constant
value . We are thus left with the phonon lifetime as only temperature-
dependent influence at high temperatures. No simple theoretical explana-
tion of these scattering processes is possible, and experimental evidence
suggest that  for . This makes sense, since we expect
that as the number of generated phonons increase due to the raised tem-
perature, so does the number of inter-phonon scattering events, and hence
the thermal conductivity should decrease with raised temperature.

7.2 Electron-Electron
For this section we assume that all electron-electron interaction of
ground state electrons has already been considered in calculating the
occupied ground states, i.e., the valence band structure. Therefore, we
only consider the interaction of excited electrons. The density of excited
electrons is assumed to be this low that a single electron description is
justified. Remember that this single electron description allows the
description of a completely occupied valence band missing one electron
as a single defect electron or hole in the same manner as for a single elec-
tron in the conduction band.

In the light of the above simplifying assumptions we calculate the transi-
tion rates between two electronic states as they enter the Boltzmann
transport equation (6.2) by means of the Fermi golden rule (3.82). For the
electron-electron interaction this yields a nonlinear term in the Boltz-
mann transport equation. For this section we only want to describe the

τp

κ

vp

cv

κ T β–∝ 1 β 2≤ ≤



Interacting Subsystems

240 Semiconductors for Micro and Nanosystem Technology

electronic system as non-interacting particles for which only an effective
interaction due to density fluctuations is put into the streaming motion
term of the Boltzmann transport equation.

7.2.1 The Coulomb Potential (Poisson Equation)
In 6.1.1 we wrote  considering Newton’s law. Here  was
supposed to be an external force field. Electrons are charged particles and
thus even at low densities will interact with each other through the elec-
trostatic potential.

Let us assume that the force term is due to an externally applied electro-
static potential, which gives an electric field of the form 
(see (4.34)) and the force term gets . For the streaming
motion term of the Boltzmann transport equation (6.2) we therefore write

(7.6)

in the absence of scattering, where we introduced a real band structure
 through the group velocity . Let us further

assume that we are near equilibrium and the distribution function
 is given by a well known equilibrium distribution .

 is a weak perturbation that might also depend on time and we
want to calculate  the variation in
the distribution function due to this perturbational potential. For this pur-
pose we write both  and  as Fourier transforms in the
spatial coordinate and Laplace transforms in time. This yields

(7.7)

(7.8)

where  and  introduces an adiabatic switching on of the
perturbation in time. We insert (7.7) and (7.8) in (7.6) and neglect the
second order term  arising due to the gradient term

 in (7.6). This yields
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(7.9)

which we may solve for  to give

(7.10)

(7.10) must be interpreted as the variation or response of the distribution
function due to an perturbation. From (6.10) we calculate the density
response function by integration of (7.10) over k-space and thus obtain

(7.11)

 is the zero order density susceptibility which gives us the spa-
tial variations in carrier density due to lowest order approximation. This
function is essential for calculating the dielectric properties of the semi-
conductor material.

7.2.2 The Dielectric Function

We now turn to the initial point where electrons as charged particles are
interacting. This interaction appears to create an internal potential

 in addition to the external potential  so that we have
to calculate with an effective potential  of the form

Effective 
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A Fourier transform yields

(7.14)

Using (7.11) we have

(7.15)

which gives us the relation between the external potential and the effec-
tive potential and which we call the dynamic dielectric function

(7.16)
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in random phase approximation which means that only the internal Cou-
lomb potential in addition to an external potential is taken into account
and all other possible interactions are neglected.

7.2.3 Screening
The term in the definition of the dynamic dielectric function (7.16) that
arises from the density susceptibility acts as a screening for the external
potential. Let us, for this purpose, analyze the static dielectric function

, which, taking into account (7.11), reads
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example of a static external Coulomb potential 
. Its Fourier transform is given by

(7.19)

To obtain the effective potential we have to divide this external potential
by the static dielectric function, to give

(7.20)

Transforming back to real space we obtain

(7.21)

In this form we see the meaning of  as the screening wavelength. The
exponential function in (7.21) weakens the effect of the Coulomb poten-
tial at long distances. While the Coulomb potential in vacuum goes like

 in the spatial variables and is said to be a long ranging potential, in
a medium where moving charge densities are present this behavior is
covered in lowest order by the density response function of the charges
that enters the dielectric function. Thus every source for Coulomb poten-
tials in a semiconductor will finally suffer this screening effect.

7.2.4 Plasma Oscillations and Plasmons
For the screening effects we looked at the static properties of the dielec-
tric function. Let us now assume that the spatial variations present are of
very long wavelength and we are interested in the frequency behavior of
the system. Therefore, we set  in (7.11), since the adiabatic
switching on of the perturbation is assumed to be finished. What influ-
ence does the frequency behavior of the perturbation have on the system?
We expand the denominator of (7.11) for small , to give
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(7.22)

Thus we have for the dielectric function

(7.23)

in which the first term in the power series vanishes due to
. Now let us assume parabolic bands with

 which gives us a second order term of the form

(7.24)

which, inserted into (7.23), results in a dielectric function in the long
wavelength limit 

(7.25)

This we write another way to read

(7.26)

where we defined the plasma frequency by

(7.27)

The dielectric function vanishes at the plasma frequency and thus the
effective potential shows a singularity at the plasma frequency since

. Let us calculate the plasma frequency for a
degenerate Fermi gas, for which  is the distribution
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function and we have  to give a plasma fre-
quency

(7.28)

where we used the electron density in a degenerate system defined as
. We conclude that the occurrence of plasma oscillations is

due to the long range Coulomb interaction. Typical frequencies are found
for metals at energies  which, compared to the thermal
energy  at room temperature, is several orders of magnitude larger.
Hence plasma oscillations will not be contained in the thermal density
fluctuations at room temperature.

7.3 Electron-Phonon
Electron-phonon scattering is the major effect in electronic transport at
high temperatures, i.e., in the range of 300 K. There is a dissipation chan-
nel arising that forms the basis for many different transport coefficients
of the electronic system in a semiconductor. The dissipated energy will
change the thermal properties of the lattice system.

The description of electron-phonon interaction on a quantum mechanical
level therefore must include both the electron wavefunction and the lat-
tice wavefunction. The transition of scattering rate between initial and
final states in this interaction will be governed by the Fermi golden rule
(3.82). Suppose that initially the electron occupies a state with wavevec-
tor k. In Figure 7.3 the two possible processes are schematically drawn:
absorption of a phonon with wavevector q and emission of such a
phonon. In both cases the electron wavevector changes by the modulus of
q provided momentum conservation holds. The transition rate reads
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(7.29)

where the transition matrix element is given by

(7.30)

 indicates the Dirac notation of a product of two wavefunctions
one from the electronic system and one from the lattice vibrational sys-
tem. We must further specify the interaction potential operator .
This operator characterizes the nature of the different electron-phonon
interactions given in the following sections.

7.3.1 Acoustic Phonons and Deformation Potential Scattering

The description of a periodic potential structure as given in Section 3.3 is
appropriate for situations where the ions forming the potential are not
subject to displacement. From Sections 2.3 and 2.4 we know that this

Figure 7.3. Schematic representa-
tion of phonon absorption and 
phonon emission processes.
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does not correspond to the real situation. There is a permanent motion of
the ions that form the crystal lattice. Thus we analyze the periodic poten-
tial in which electrons moves  with respect to
small displacements of the ions, where  is the position of the electron.

 is the time dependent position of the ion as described in
Sections 2.3 and 2.4 and the  are longitudinal vibrations of the crys-
tal lattice. The periodic potential structure results in a certain energy 
of the conduction band edge. In an effective mass description the varia-
tion of the conduction band energy is to lowest order given by the change

 in the conduction band edge energy. Longitudinal acoustic phonons
are compression waves  for the set of ions in the solid with a rela-
tive volume change given by . This leads to
a change in the lattice constant and therefore in the valence band edge
energy. Thus we write

(7.31)

where  is called the deformation potential which takes a characteristic
material dependent value. Let us write the longitudinal vibrations in
terms of normal coordinates and look at one Fourier component for the
wavevector q

(7.32)

where  is the total number of atoms in the lattice,  is the total mass
and  is the polarization of the lattice vibration. Thus (7.31) reads

(7.33)

Let us use the fermion and boson number representations to write down
the interaction operator, where the fermions are expanded in terms of
Bloch waves (3.92)
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(7.34)

The integration in (7.34) has to be performed over the whole crystal lat-
tice. Since the  are defined in a single lattice cell this integral may
be split into a integration over a such a cell summed over all lattice cell
sites to give

(7.35)

With the substitution  we obtain

(7.36)

where we set

(7.37)

Thus we have for the interaction operator

(7.38)

We observe two terms in (7.38) and interpret them according to the cre-
ation and destruction operator definitions previously made in Chapter 3:
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destroys a phonon with wavevector , while  destroys an
electron with wavevector , creates one with  and creates a phonon
with wavevector . This is why we call the first term phonon absorption
and the second one phonon emission. Thus the square of the matrix ele-
ment in (7.29) yields according to (7.30) for the emission of a phonon

(7.39)

For the absorption matrix element in (7.39)  has to be replaced by
. The  follow a Bose statistics as described in Section 5.2.2 and thus

we may replace  by

(7.40)

which in the high temperature limit yields . This means
that the acoustic phonon scattering rate increases linearly with the tem-
perature.

7.3.2 Optical Phonon Scattering
This interaction mechanism occurs in two different ways which both are
due to the optical lattice vibrations in which one sub-lattice moves rela-
tive to a second one.

In silicon this motion creates a shift of the potential field of each ion. The
bond charges follow this motion and slightly accumulate where the two
ions approach increasing the negative charge, while a positive remains
where the ions have moved apart. This is a macroscopic electric field due
to the relative displacement field  of the sub-lattices and thus results in
an interaction potential

Non-Polar 
Materials
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Again the macroscopic deformation field parameter  depends on the
respective material properties. We see that the interaction itself is not q-
dependent as in the case of acoustic phonons. Since the optical phonons
are rather energetic the high temperature limit lies far above 300K and is
not to be applied as in the acoustic case. The relative displacement field
Fourier component with wavevector q is given similar to (7.32) by

(7.42)

Note the difference in the pre-factor, where .  is
the mass of the sub-lattice with displacement  in positive direction and

 the respective masses of the sub-lattice with displacement  in
negative direction. We may think of the total displacement as

. Thus the respective matrix element has the same structure
as (7.38), it reads for the optical phonon scattering

(7.43)

Polar 
Materials

In polar crystals like GaAs a very effective interaction mechanism is
present due to the opposite polarization of the two sub-lattices. The dis-
placement of positive and negative ions with the effective charges

 leads to a local dipole moment  from which we
derive a macroscopic polarization of the form

(7.44)

where  is the relative displacement of positive and negative charges as
in (7.42) and  is given by their respective masses.

 is the optical phonon frequency. The interaction energy in this case
is given by the product of the induced electric field  and the polariza-
tion 
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(7.45)

where  is the optical or high frequency dielectric constant. For the
induced electric field we have to take into account that the respective
electrostatic potential is due to screening effects because of the movable
charges present and thus will be of the form as given in (7.20) or (7.21)
and therefore (7.45) reads

(7.46)

7.3.3 Piezoelectricity

Simple 
Piezoelectric 
Model

Consider the 1D lattice with a basis of Section 2.4.1 (also see
Figure 2.20), but now endow the two atoms each with equal but opposing
charges. The kinetic co-energy is added up from the contributions of the
individual ions

(7.47)

The index  counts over the ions in an elementary basis cell, and the
index  counts over the lattice cells. Similarly, the harmonic bond poten-
tial energy is dependent on the stretching of the inter-ion bonds

(7.48)

to which we now add the ionic energy due to the nearest-neighbor charge
interaction

(7.49)
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Actually, the charge interactions are long-range. Since the crystal is neu-
tral, we assume that the remaining crystal screens off the rest of the
charges, and the local disturbance is only “felt” by the direct neighbors of
the moving charge. Clearly, this is a simplistic model used only to show
the features of the piezoelectric interaction.

The restriction to next-neighbor interactions and identical interatomic
force constants yields the following equations of motion when the
expressions (7.47) and (7.48) are inserted into the Lagrange equations

(7.50a)

(7.50b)

Reversible 
Thermo-
dynamic 
Derivation

For a more general model, we first consider a general thermodynamic
phenomenological model of piezoelectricity (see e.g. [7.5] or [7.12]).
The internal energy of the crystal, , is defined as (for the general idea,
see Box 7.1 and Box 7.2)

(7.51)
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Box 7.1. The thermodynamic postulates [7.11].
The Four Callen Postulates. Thermodynamics is 
founded upon a set of “laws”. Modern theorists 
have reformulated these laws as a set of postu-
lates. We closely follow [7.11]:

I. There exist particular states (called equilibrium 
states) that, macroscopically, are characterized 
completely by the specification of the internal 
energy , and a set of extensive parameters 

.

II. There exists a function (called the entropy ) 
of the extensive parameters, defined for all equi-
librium states, and having the following property: 

The values assumed by the extensive parameters 
in the absence of a constraint are those that maxi-
mize the entropy over the manifold of constrained 
equilibrium states.

III. The entropy of a composite system is additive 
over the constituent subsystems (whence the 
entropy of each subsystem is a homogeneous first-
order function of the extensive parameters). The 
entropy is continuous and differentiable and is a 
monotonically increasing function of the energy.

IV. The entropy of any system vanishes in the state 
for which .
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Box 7.2. Basic thermodynamic relations [7.11].
Extensive and Intensive Parameters. The exten-
sive parameters are denoted by

(B 7.2.1)

for the volume  and the  the mole numbers 
of the constituent chemical species. The intensive 
parameters are denoted by

(B 7.2.2)

Here,  is the temperature,  is the pressure, and 
the  are the electrochemical potentials of the 
constituent species.

The Fundamental Equations. The fundamental 
energy equation of a simple system is

(B 7.2.3)

In its differential form, the fundamental thermody-
namic equation for the energy is

(B 7.2.4)

The intensive parameters  are defined by

(B 7.2.5)

The fundamental entropic relation is

(B 7.2.6)

In its differential form, the fundamental thermody-
namic equation for the entropy is

(B 7.2.7)

The intensive parameters  are defined by

(B 7.2.8)

The Euler Relation. (B 7.2.9)

The Gibbs-Duheim Relation. 

(B 7.2.10)

The Thermodynamic Potentials. By the Legen-
dre transformation we can replace any extensive 
parameter in (B 7.2.3) by an intensive parameter, 
yielding a new fundamental relation that is closer 
to laboratory conditions. The most familiar of 
these “potentials” are the Helmholtz free energy 
(replacing  with )

, (B 7.2.11)
the Enthalpy (replacing  with )

, (B 7.2.12)
the Gibbs free energy (combining the above)

, (B 7.2.13)
and the Grand canonical potential (replacing 
with , and  with )

. (B 7.2.14)
The Maxwell Relations. We have that

(B 7.2.15)
(B 7.2.16)

(B 7.2.17)

These define the material properties in convenient 
forms. Also called reciprocal relations.

Affinities and Fluxes. In a discrete system, an 
extensive parameter flux is defined by

(B 7.2.18)

Taking the time derivative of the entropic funda-
mental relation we obtain

(B 7.2.19)

where we have defined the extensive parameter’s 
associated affinity . For continu-
ous systems we have that

(B 7.2.20)

In both instances the rate of entropy production is 
the sum of the products of affinities with their 
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This fundamental relation includes the effects of mechanical deforma-
tion, electric and magnetic fields, as well as thermal phenomena. In
(7.51) the intensive variables: the stress tensor , the electric field vector

, the magnetic field vector  and the scalar temperature , are inde-
pendent, and the extensive variables: the strain tensor , the dielectric
displacement vector , the magnetic induction vector  and the scalar
entropy , are dependent. By this property we can write that

(7.52a)

(7.52b)

(7.52c)

(7.52d)

With this starting point, we use a Legendre transformation (see Box 7.2)
to convert the fundamental relation from an internal energy formalism to
a Gibbs free energy formalism. In doing so, we switch the roles of pres-
sure and volume, of entropy and temperature, of electrical displacement
and electric field, and of magnetic induction and magnetic field, to obtain
the full and differential form of the Gibbs free energy

(7.53a)

(7.53b)

But, by the first order homogeneous property of fundamental relations
(i.e., (B 7.2.4)), we can also write that

(7.54)

so that the following four associations may be made
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(7.55a)

(7.55b)

(7.55c)

(7.55d)

The subscripts indicate which parameters are to be kept constant during
differentiation. The Maxwell relation (B 7.2.15) enables us to obtain con-
stitutive equations from (7.55a)–(7.55d), and also to determine the sym-
metries inherent in the system of constitutive equations

(7.56a)

(7.56b)

defining the piezoelectric coefficients  and the refractive index , and
so on. The relations rely on the fact that second derivatives of first order
relations are not dependent on the order of differentiation. We obtain six-
teen such constitutive relations, summarized by the following four equa-
tions

(7.57a)

(7.57b)

(7.57c)

(7.57d)

The symbols have the following meaning:

•  is the rank four elastic compliance tensor (the inverse of the
stiffness tensor derived in Chapter 2) measured at isothermal condi-
tions and at constant electromagnetic field.

•  and  are rank three piezoelectric tensors. It is unusual to
have both in the same formulation. Typically we can apply a quasi-
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static approximation (see Section 4.1.2), in which case one of the two
terms drop from the formalism.

•  is the rank two tensor of thermal expansion coefficients (see
Section 2.4.2)

•  is the rank two tensor of dielectric permittivities.

•  is the vector of pyroelectric coefficients.

•  is the rank two tensor of magnetic permeabilities.

•  is the scalar heat capacity (see Section 2.4.2).

We see that reversible thermodynamics provides us with the form of the
possible functional relationships. For the content of the tensors we have
to turn to detailed theories, as has been done in the text for a number of
the coefficients above. For example, if we include only the symmetry
properties of the crystalline materials under consideration, we can
already greatly reduce the number of possible nonzero entries in the
above tensor coefficients. For a detailed example considering the elastic
stiffness tensor, see Section 2.3.

When analyzing piezoelectric transducers it is usual to greatly reduce the
above constructive relationship. In particular, since the velocity of sound
is so much smaller than the velocity of light, regardless of the medium,
we may assume that as far as the mechanical deformation field is con-
cerned the electromagnetic field changes almost instantaneously. Further-
more, unless parasitically dominant or required as an effect, we assume
that the piezoelectric phenomena is operated under isothermal condi-
tions. Note here that these assumptions are merely a matter of computa-
tional convenience. In fact, nowadays many computer programs exist that
implement the full theory and so allow the designer a considerable
amount of more detailed investigative possibilities. Sticking to our sim-
plifications, we obtain

(7.58a)

(7.58b)
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From (7.58a) we see that the electric field and the stress cause a strain 
to appear in the material. Alternatively, from (7.58b), the stress and the
electric field cause a dielectric displacement . For further analysis we
now multiply (7.58a) by the mechanical stiffness tensor 
to obtain

 or (7.59a)

(7.59b)

For (7.58b) we use the fact that 

 or (7.59c)

(7.59d)

We now have the constitutive equations in the most convenient format,
and can insert them into the mechanical and the electromagnetic equa-
tions of motion, which we first restate

(7.60a)

(7.60b)

Taking the divergence of equation (7.59b)

(7.61)

If the material properties are piece-wise constant, the above equation
simplifies greatly, because then the material property divergences are
nonzero only across material interfaces and appear therefore as jump
conditions.
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7.3.4 Piezoelectric Transducers

Let us now consider an application of an integrated viscosity sensor
based on a piezoelectric thin film [7.5]. The idea is to generate shear sur-
face waves in a transducer that is in contact with a liquid. The shear
waves are attenuated by the liquid as a function of the liquid’s viscosity.
The best sensor avoids generating out-of-plane displacements, for these
are radiated as acoustic waves and cause huge energy losses. The piezo-
electric thin film, such as PZT or ZnO, deposited on the chip’s surface, is
contacted with evaporated gold electrodes that are formed in an interdigi-
tated pattern, see Figure 7.4. The exact placement of the electrodes

depends on the crystal orientation of the thin film, so that when a poten-
tial is applied to the electrodes, mainly shear surface waves are gener-
ated.

The wave velocity in the sensor layers determines the spacing of the elec-
trodes, so that a set of them achieves a cumulative effect. Thus if  is the
separation of the electrodes, then

(7.62)

where  is the elastic wavelength. Excitation of the electrodes by

(7.63)

Figure 7.4. Geometric arrange-
ment of an interdigitated electrode 
thin film piezoelectric transducer 
with one quarter of the membrane 
removed. Not to scale.
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produces a strain field with a spatial period of  and a frequency of
 where  is the wave propagation velocity. At least part of this

strain field is of the right shape to propagate as a Love surface acoustic
wave, and clever design will maximize this ratio.

For our purposes it is sufficient to view the wave as generated by a row of
alternating point sources, each source placed exactly between the elec-
trode pairs [7.5]. At some point  along the surface we now add up the
contributions of each electrode pair’s point source

(7.64)

where  is the number of electrode pairs,  expresses the fact that
the pairs alternate in excitation direction,  is the position of the source,
and  is the amplitude of the excited wave. If we now denote the time
delay for a pulse at pair  to arrive at  as 

(7.65)

then we can write that the total displacement at  is

(7.66)

where  is the natural frequency of the interdigitated elec-
trodes, see Figure 7.5.

Usually such sensors are arranged as a pair of sending electrodes sepa-
rated by a sensor space (the delay line) and an identical pair of receiving
electrodes. The delay line is the space where the signal is allowed to
attenuate against a fluid. The receiver pair works in the reverse fashion of
the sender electrodes, i.e., the elastic wave induces a voltage in the elec-
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trodes. Usually a careful circuit setup is required so that the measurement
is made in a time window so as to avoid spurious reflections in the result.

7.3.5 Stress Induced Sensor Effects: Piezoresistivity
Recall that the shape of the conduction band minima are used to obtain
an expression for the effective electron mass tensor, and the valence band
maxima for the hole effective mass tensor, and are based on a Taylor
expansion of the energy about a point  in -space

(7.67a)

(7.67b)

The effective mass enters the expression for the carrier mobilities as

Figure 7.5. Relative frequency response of a 100 interdigitated pair  pitch trans-
ducer on a silicon substrate with  and , evaluated at the 
position of the outermost electrode pair .
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(7.68)

where the exponent  depends on the scattering mechanisms that are
considered. The point here is that if the band’s curvature changes, as is
illustrated in Figure 7.6, then so does the effective mass due to the

change in curvature. Hence we also expect the mobility and the carrier
conductivities to change. In addition, depending on the direction of the
stress, the conductivity can change from an effectively isotropic value to
an anisotropic tensor. This is the basis of the piezoresistive effect, and is
exploited in piezoresistors, as shown for the integrated pressure sensor of
Figure 7.7. Whereas piezoresistors are useful, there is also a parasitic
effect. Electronic packaging can cause resistance changes within the chip
due to package stress, and special measures must be taken to reduce this
effect, including the addition of extra circuitry in the case of sensor
devices. When the crystal deformation is linear, we can write the piezore-
sistive effect as a tensor equation

µij
1

mij∗( )
a-----------------∝

a

Figure 7.6. The conduction band minima of silicon are ellipsoidal in shape and lie along 
the “k” axes. a) Reference state. b) Hydrostatic stress causes the minima to equally 
decrease in size. c) Uniaxial stress along the x-axis has no appreciable effect on the con-
duction band minima of the y and z axes. The figures are not to scale.
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(7.69)

where  is the relative change in resistivity,  is a fourth-rank ten-
sor of piezoresistive coefficients and  is the mechanical stress. For sili-
con the piezoresistive coefficients can be reduced in number in exactly
the same way as we did for the elastic coefficients, and for the same rea-
sons of symmetry. Therefore, we are left with three unique values in the
Voight (or engineering) notation. Values depend on the impurity doping
level and should be measured (here cm and 

cm). The piezoresistance coefficients can be computed from scratch
using the  method of Cordona et al [7.7]. The computation is rather
involved, and experience shows that unless spin-orbit coupling is taken
into consideration, the predicted values do not compare well with mea-
surements [7.8].

7.3.6 Thermoelectric Effects
The crosstalk between charge and heat transport gives rise to a number of
electro-thermal effects that can be used to locally heat or cool, or to mea-

Figure 7.7. Schematic cross sec-
tion of a silicon pressure sensor. 
The back of the wafer is anisotrop-
ically etched away to leave a thin 
membrane. On top the membrane 
contains diffused resistors 
arranged in a Wheatstone bridge 
circuit. When a gas or liquid pres-
sure deforms the membrane, the 
resistance of the diffused resistors 
changes linearly with the stress 
level. Not to scale.
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sure thermal quantities in the conductor. As we shall see, the addition of a
magnetic field produces an ever richer structure of possibilities.

Integrated 
Thermopiles: 
The Seebeck 
Effect

The integrated thermopile exploits the thermoelectric power of different
materials to produce a sophisticated temperature sensor. It also relies on
massive parallelism and careful accounting of heat losses. One particu-
larly successful design [7.4] employs many alternating n-doped and p-
doped connected polysilicon wires patterned on top of a chip surface, see
Figure 7.8. The inter-metal contacts are alternately at  and . If

we mark the mid-way points on the p-doped wires consecutively as ,
where  counts over the individual p-doped wires, then we can use (6.54)
to obtain

(7.70)

Since the thermopile wires are uniformly doped, (7.70) immediately
describes the incremental voltage that we can expect from each wire pair.
The thermoelectric couple of the thermopile, , sets the design

T hot T cold

Figure 7.8. The geometric layout 
of CMOS integrated thermopiles 
on a thermally insulating dielec-
tric membrane. One quarter of the 
device is shown. The cold contacts 
lie over the bulk silicon, the hot 
contacts on the membrane. Vari-
ous techniques to generate heat on 
the membrane, i.e., by absorbing 
infrared radiation, air cooling, 
gas absorption, power dissipation, 
etc., make this a very successful 
device structure [7.4].
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objective. For n-doped and p-doped polysilicon wires in commercial
CMOS technology we can expect to achieve a maximum of

, with typical values lying at half that value
[Nathan]. For design purposes, this implies that we need to ensure that
the hot and cold contacts are very well isolated from each other, which is
usually achieved by positioning the cold contacts on the bulk of the chip,
and the hot contacts on a thermally-isolated membrane. In addition, we
need many thermocouples in the thermopile, and typical designs have 
or more pairs. Note that the large number of metal lines connecting the
thermally insulated hot and cold contacts is a misnomer, since metal is an
excellent conductor of heat. This makes the design of real thermopiles in
silicon technology very challenging, and requires the use of on-chip
amplification of the small voltages that arise when small temperature dif-
ferences have to be measured.

Seebeck 
Effect in 
Silicon

Formal transport theory predicts the existence of the Seebeck effect, and
of course determines which mathematical form it should have. At the
microscopic level, the cause of the Seebeck effect in Silicon begins with
a non-local shift in the position of the Fermi level due to the temperature
gradient [7.9]. In hotter regions, the Fermi level is shifted closer towards
the middle or intrinsic position of the bandgap than in colder regions. At
the same time, the charge carriers in the hot regions have a higher veloc-
ity than in the cold regions. In this way the hot regions deplete somewhat,
and the cold regions gain in carrier concentration. There is also a net flow
of phonons from hot to cold regions. The drag force exerted by the
phonons on the electrons further enhance the concentration of carriers
towards colder regions. The value of the Seebeck coefficient is computed
from material parameters as

(7.71a)

(7.71b)
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where  is the fundamental charge,  is the conduction band effective
density of states,  is the valence band effective density of states,  is
the electron concentration,  is the hole concentration,  and  are
corrections due to enhanced electron and hole carrier scattering, and 
and  are corrections that take into account the phonon drag on the
electrons and holes.

Peltier 
Heating and 
Cooling

At a material junction we observe a further thermoelectric effect that is
reversible. Depending on the direction of current flowing through the
junction, heat is either generated or absorbed according to

(7.72)

The Peltier coefficient  between materials  and  defines both the
sign and quantity of heat current transported per unit carrier current, and
is obtained from (6.41b) for isothermal conditions

(7.73a)

(7.73b)

(7.73c)

When we combine the equations in favour of the heat and carrier current
densities, we obtain

(7.74)

In an uniformly doped region, (7.74) reduces to

(7.75)

where  is the absolute thermoelectric power of the material.
Usually we only deal with differences between two materials adjoining at

q NC

NV ne

nh se sh

φe

φh

∆Jq ΠABJe=

ΠAB A B

jq Tεnσn( )
ηn

qn
-----∇– Tεpσp( )

ηp

qp
------∇–=

in σn( )
ηn

qn
-----∇–=

ip σp( )
ηp

qp
------∇–=

jq Tεn( )in Tεp( )ip+=

jq Tε( )i Πi= =

Π Tε=



Interacting Subsystems

266 Semiconductors for Micro and Nanosystem Technology

a junction, where it is usual to define the relative thermoelectric power of
the junction by

(7.76)

This effect can be used to pump heat from one region to another, for
example, to cool electronic circuits or even to refrigerate a space.

Bridgeman 
Effect

Heat is absorbed or liberated in a homogeneous conductor when a current
passes across an interface where crystal orientation changes, or when a
current distribution is strongly nonuniform. This effect is sometimes also
called the internal Peltier effect.

Thomson 
Effect

Heat is absorbed or liberated in a homogeneous conductor, subject to a
temperature gradient, that has a current flowing through it. The effect is
primarily caused by the temperature-dependence of the Seebeck coeffi-
cient. In this case, the temperature gradient of the Peltier coefficient

 leads to an additional term that we denote
the Thomson coefficient after its discoverer

(7.77)

The direction of heat flow is defined by the direction of the current flow
; its value is determined by

(7.78)

Other Similar 
Effects

When a thermoelectrically active substance is subject to a penetrating
magnetic induction, a whole range of further “classical” effects are
observed:

• Nernst effect. When heat flows across lines of magnetic force, we
observe a voltage perpendicular to both the heat current and the mag-
netic field.
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• Righi-Leduc effect. When heat flows across lines of magnetic force,
we observe another heat current perpendicular to both the original
heat current and the magnetic field.

• Hall effect, discussed in 6.2.3.

• Ettinghauser-Nernst effect. When an electric current flows across the
lines of force of a magnetic field, we observe a voltage (called the
Hall voltage) which is perpendicular to both the electric current and
the magnetic field. In addition, we observe a temperature gradient in
the opposite direction to the Hall voltage.

As mentioned before, in formal transport theory, the Onsager coefficients
are anti-symmetric w.r.t. the presence of the field, or

(7.79)

For vector quantities, this anti-symmetry expresses itself through the
cross product and through the rotation operator, and is again the reason
for the recurring “perpendicular” fields.

7.4 Electron-Photon
There exists an optically induced transition between electronic states.
The energy of absorbed photons is transferred to the electronic system,
such that the electron goes from the state of lower energy to the one with
higher energy. The inverse process exists as well, delivering the energy
from the electronic system to the photon system. These two processes we
call absorption and emission. Therefore, the basics of electron-photon
interactions, as they enter the time dependent perturbation given in 3.2.7,
are important for the description of arising phenomena.

As in the preceding sections we ask how the interaction operator looks
like. Suppose there is an external harmonic electric wave

 that acts on an electron. Assume that the

Lkl B( ) Lkl
T B–( )=

E r t,( ) E0 kr ωt–( )cos=
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electrons had two possible states  and  where they may be found
in, e.g., the valence or conduction band edge. As we know from electro-
statics and from the polar optical phonon interaction, the energy is given
by the product of the incident electric field  and the dipole moment 
of the electronic system. In classical terms the dipole moment is given as
charge times distance . Assume that the electric field varies little
in space with respect to the extension of the electronic states. Since the
charge of the electron has a density distribution according to the wave-
function , which for the unperturbed problem is a superposition

. The matrix elements read

Dipole 
approxi-
mation

(7.80)

where R is the position of the center of mass of the dipole. We may inter-
pret the integral in (7.80) as a dipole moment that couples to an external
field. In most cases the wavefunctions are of this kind that ,
i.e., there is no static dipole moment present in the system. The only pos-
sibility to have a non vanishing matrix element is for . We return to
a harmonic wave and assume the electronic system to be rather localized,
e.g., atomic electron states. In addition we deal with wavelengths of the
electric field that are much larger than the extension of the atom. So that
the dipole approximation holds. Then we have

Transition 
Dipole Matrix 
Element

(7.81)

with , which usually are called the transition
dipole matrix elements.

7.4.1 Intra- and Interband Effects
There are three basic processes involved in the interaction: interband
transition, intra-band transitions, and free carrier absorption (see
Figure 7.9).
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Interband transitions show two basic different characters depending on
whether we look at direct or indirect band gap semiconductors. The com-
mon feature is that an electron changes from the valence band edge to the
conduction band edge or vice versa. For direct semiconductors these
band edges lie at the same wavevector. This is indicated with the vertical
line at (D) in Figure 7.9. For indirect semiconductors the band edges lie
at different wavevectors. The band gap energy in semiconductors is of the
order of 1 eV. Thus the photon energy must have the same value and
therefore we obtain . With the frequency wavevector relation
for photons  we immediately may calculate the transferred
momentum as the one of the absorbed photon to give . This
corresponds to a light field wavevector of about , which is
roughly 3-4 orders of magnitude smaller than the first brillouin zone
edge. Since we have to respect momentum and energy conservation and
the transferred momentum is rather small, the processes are vertical in
the band structure. Transitions at the band edge in indirect semiconduc-
tors therefore are not possible without the help of a third party system
adding the momentum missing in the balance. It is the phonon system to
allow for these processes indicated as (I) in Figure 7.9. In total there are

Figure 7.9.  Direct (D) and indi-
rect (I) interband transitions. 
Intra-band transitions (A).

(A)

(D)

(I)

—ω 1eV=
ω ck=

k 1eV —c⁄=
3 106⋅ m 1–
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two processes involved in sequence and thus we must go beyond first
order perturbation theory. The consequence is that the two transition
probabilities for the processes multiply to give the total transition proba-
bility and thus we may immediately identify indirect interband transi-
tions as less probable.

Intra-band transitions are indicated as (A) in Figure 7.9, e.g., between the
heavy hole and light hole valence band. In this case the electrons change
from one subset to another and remain in the same band. We therefore
count these processes for the same category as the interband transitions.
A very important process is the so called free carrier absorption. The
electrons remain in their subset of either the valence or conduction band.
These processes have to be distinguished from transport effects happen-
ing inside a subset of a band.

Emission of photons from electron in the conduction band has been
observed even from within industrially applied devices. Due to sub-
micron gate lengths in modern Field Effect Transistors the electric field
under certain operating conditions can exceed . Some of the
carriers accelerated by such field strengths may gain up to 1 eV in energy.
A small fraction of these carriers has been shown to be able to give up
this kinetic energy by emission of a photon. A pretty illustration of this
light emission is found in [7.18]. A ring oscillator consisting of 47 invert-
ers, as it is usually found in microprocessor clocks, has been observed by
means of a photomultiplier. A time integrated image of the ring oscillator
shows infrared and far infrared activity spatially resolved in the single
drain regions of the inverter devices. This observation technique is
assumed to become even a standard diagnostic tool for monitoring the
functionality of modern integrated circuit devices [7.18].

7.4.2 Semiconductor Lasers
We start our discussion on the laser effect in semiconductors with a short
explanation of the principle effect by means of a two level atom model.

105V cm⁄



Electron-Photon

Semiconductors for Micro and Nanosystem Technology 271

The energy levels of the respective states are  and , which means
that the electromagnetic wave at  couples resonantly
to the electronic system. We insert this into the equation of motion for the
superposition coefficients as given from (3.74) in first order perturbation
theory to give

(7.82)

Rotating 
Wave 
approxi-
mation

Remember that  has a harmonic time dependence through the elec-
tric field vector with frequency , near the resonance frequency . Let
us assume that  and  change very slowly on time scales where

 is changing. Integrating (7.82) over time will yield a
vanishing contribution of the exponential term since it will perform many
oscillations in the integration period that cancel each other. Therefore, we
are led to neglect the terms with the summed frequencies  in the
exponents compared to those with the frequency difference .
This so called rotating wave approximation yields for the transition
dipole matrix element the new form , where

 is the projection of the dipole matrix element  along the electric

Figure 7.10.  Electron-hole recombination. a) Non-radiative (without photon emission) 
recombination. The energy is dissipated into other degrees of freedom, e.g., phonons. b) 
Spontaneous emission of a photon. c) Emission is stimulated by an incoming photon that 
is in phase with the stimulation.
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field vector . Insert this into (7.82) and drive the electric field in perfect
resonance, the solution is given by

(7.83)

Rabi 
Frequency

with .  is called the Rabi frequency. It is best inter-
preted by looking at the square modulus of the coefficients:

 and . These square moduli
are the probabilities for the electron to occupy either quantum state 1 or
2. Thus the absorption process is going on in a time window from 
to . For  the probability for the electron to
occupy quantum state 2 decreases. This can be interpreted as an emission
process. In order to have a well defined final state the external field exci-
tation pulse has to be of finite duration. It is interesting to observe that the
transition dipole matrix element oscillates with the frequency  and is
modulated by harmonic function with twice the Rabi frequency.

In the case where there are multiple electrons in the system distributed
onto the two energy levels the square moduli of the coefficients denote
the number of electrons to be found in the respective level

, , with the total number of electrons given
by . Let us calculate the dipole moment of the electron
charge distribution given by the wavefunction

(7.84)

With the definition , we have for the dipole moment
 and an equation of motion for  to read

(7.85)
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where  is called the inversion and we have added a phe-
nomenological damping term with damping constant  the inverse of the
so called dipole decay time. For the inversion we obtain an equation of
motion of the following form

(7.86)

where we also have introduced a phenomenological decay time  and an
equilibrium inversion  which is given by the temperature distribution
of the carriers.

We formally integrate (7.85) and make use of the rotating wave approxi-
mation to give

(7.87)

We now assume that the dipole decay time  is much smaller than
times in which the inversion  or the electric field amplitude  change.
We therefore put these quantities outside the integration and obtain

(7.88)

Insert this in (7.86) and we have

(7.89)

where  is the light field intensity and  is
the saturation intensity.

We have to find an equation for the laser field intensity, i.e., the  that
is generated by the inversion. This can be achieved by inserting the polar-
ization generated from the inversion density into the amplitude equation
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of the propagating electromagnetic wave inside the laser cavity. A deriva-
tion is given in [7.20], we will explain the result

(7.90)

In (7.90) we see that light intensity is lost through the quality factor of
the cavity. The factor  is the energy stored divided by the energy
lost per second. So the first term gives a negative contribution to the time
derivative of the intensity. The second term contains a product of inver-
sion density and light intensity and is a nonlinear driving term for the
light field intensity. So we end up with a set of two coupled nonlinear
equations (7.89) and (7.90). They describe how the laser field intensity
and the inversion density evolve in time. In a small signal analysis around
the steady state  and  we see that the system exhibits relax-
ation oscillations which are typical for the switching on and off of such a
device. An external control parameter is the steady state inversion density

. This density can be externally set by the current injection of carriers
into the device and eventually controls the laser intensity.

For the laser to work, the laser field has to be kept in the active region,
i.e., a cavity electromagnetic wave mode must be provided by specifying
special boundary conditions for the electromagnetic field. The simplest
way to do this is to place mirrors at the ends of the active region. This
ensures that a high density of photons of the selected cavity wave mode is
present where the active electronic system is situated. In terms of our
simple two level picture, Figure 7.10, this means that there is a strong
stimulated emission pumping almost all transition energies into the one
electromagnetic wave mode, i.e., the stimulated photons have the same
phase as the present electromagnetic wave and therefore this yields an
amplification of the light field intensity . This is what LASER stands
for: Light Amplification by Stimulated Emission of Radiation. The rest
of the recombination processes not coupling to the laser mode are losses
that decrease the inversion density without pumping the laser mode. The

İ ω
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loss process in the intensity rate equation is due to the finite reflectivity of
the mirrors that make up the boundary conditions. In addition, this loss
term allows the laser mode intensity to leave the cavity and to be used as
a strong coherent light source. Omitting the boundary conditions would
clearly lead to all emission processes going into spontaneous emission
out of phase with each other. This in turn is how a light emitting diode
would operate.

Let us now think of the carriers as electron densities in the conduction
band  and in the valence band . Where the electron density in the
valence band is 1 minus the hole density . Therefore, we may write

(7.91)

In a semiconductor these densities depend on the wavevector k of the
electron or hole. From Chapter 5 we know that these electrons and holes
follow the respective distribution functions  and .
Both distribution functions do have an equation of motion namely the
Boltzmann transport equation. In this context it becomes clear that also
the dipole moment becomes dependent of the wave vectors of electrons
and holes. It will have an equation of motion too, with a relaxation term,
and transport term and a coupling to the inversion. It is not the place to
explain these processes in detail here, since the classical interpretation is
only half of the truth and for an accurate description a full quantum
mechanical treatment is needed. To explain the phenomena some simple
considerations about p-n diodes will be enough as they are given in Sec-
tion 7.6.4. The holes are transported from the one side to the active
region, while the electrons arrive from the opposite side. Since both
charge carriers have different transport properties all the requirements for
carrier transport apply. A whole lot of phenomena may arise due to these
differences which, at first glance, may be neglected. Nevertheless in spe-
cial applications, e.g., in high frequency modulation of lasers they will
have to be accounted for.

nec nev

nh

D nec nev– ne 1 nh–( )– ne nh 1–+= = =

f e k x t, ,( ) f h k x t, ,( )



Interacting Subsystems

276 Semiconductors for Micro and Nanosystem Technology

7.5 Phonon-Photon
The coupling of lattice deformations to light will be accentuated in the
following by two effects showing the static and dynamic behavior of the
interaction.

7.5.1 Elasto-Optic Effect
In a homogeneous material the coupling of an external electric field to
the material manifests itself through the dielectric constant  as indi-
cated in Section 4.1. The dielectric constant is a tensorial quantity with
components , and is therefore related to the crystal symmetry. Note
that the dielectric tensor is symmetric. Distortion in the material will
change the dielectric tensor and therefore affect the properties of light
travelling through a crystal. 

The index of refraction for an isotropic material, as it is applied in Sec-
tion 4.3.1, is simply the square root of the dielectric constant .
This gives rise to a change of the speed of light in material. As we know
that the dielectric property of a material is a tensorial quantity and that
this tensor is symmetric, there must be a speed of light related to the
polarization of the electromagnetic wave. We remember from linear alge-
bra that any symmetric tensor may be transformed in his proper coordi-
nate system, where the bases are give by its eigenvectors and its
eigenvalues are called the dielectric constants of the principle axes. So
depending on the symmetry of the crystal there may be up to three differ-
ent light propagation velocities. Therefore, the simple consideration with
the square root above in general holds for any principle direction involv-
ing the respective dielectric constants of the axes.

Any change in the dielectric properties of the material will effect the
components . These changes may result from strains internal to the
material caused by an external load. Let us denote the strain, as given in
Chapter 2, by  in order not to confuse with the dielectric tensor.
Remember that this is also a symmetric tensorial quantity. The relation

εεεε

εij

n ε=

εij

Sij
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for the change of the dielectric tensor  due to strain can be found in
the literature [7.19] 

(7.92)

Acousto-
Optic Tensor

The fourth order tensor  that mediates between strain and dielectric
tensor changes is called the acousto-optic tensor. Its values are specific
for the respective material under investigation. 

We restrict the following discussion to cubic crystal lattices. In such sym-
metries the dielectric tensor has only diagonal elements of the same mag-
nitude and thus behaves like in an isotropic material, where we write

, where we have  for  and  for  as
usual. Inserting this into (7.92) we obtain a much simpler equation

(7.93)

For a cubic material like GaAs the acousto-optic tensor has only three
non vanishing components out of 81. Those are [7.19] ,

, and . Note that in this way the above
isotropic behavior of the dielectric constant vanishes and we have to deal
instead with a tensor. This also implies that the refractive index is no
longer simply the square root of the dielectric constant but rather gets
dependant on how the electromagnetic is polarized and what its propaga-
tion direction is. We will not go into detail how to calculate the changes
in the refractive index. A description can be found in [7.12]. We notice
that there is an effect that couples elastostatic properties to optics and
thus gives rise to various applications for monitoring these properties or
modulating light propagation through a crystal.

7.5.2 Light Propagation in Crystals: Phonon-Polaritons
Let us describe the electromagnetic field by the Maxwell equations and
the polarization by an equation of motion for undamped oscillators with

∆εij
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eigenfrequency . These polarization oscillations couple to the electric
field via the susceptibility , so we have

(7.94a)

(7.94b)

(7.94c)

Assume that there are transverse plane waves for the fields that propagate
in the z-direction. Suppose that the polarization vector and the electric
field vector point to the x-direction than there is a magnetic field vector
pointing in the y-direction. Thus we may do the ansatz for any of the
fields , , and  of the form

(7.95)

If we insert this into the equations of motion (7.94a) this yields a charac-
teristic equation

(7.96)

Polariton 
Dispersion 
Relation

Solving (7.96) for  we obtain the dispersion relation for a light field
propagating in a polarizable medium. This polarizability may be due to
optical phonons in an ionic crystal. The quantized electromagnetic-polar-
ization wave is called polariton and thus (7.96) is known as the polariton
dispersion relation. It consists of two branches divided by a frequency
region where no real solution of (7.96) can be found for arbitrary values
of k. This stop band ranges from  to . For high val-
ues of the wavevector k the upper branch behaves like a light field with
linear dispersion with the light velocity , while for low  it is dis-
persion free as for an optical phonon. The lower branch shows inverse
behavior, it saturates for high  and behaves like a light field dispersion
for low  with a light velocity lower than  (see Figure 7.11).

This gives us a further insight in how light propagates in a polarizable
medium. As we already saw from the discussion in Section 7.4 there is a
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polarization also due to the electronic states in the valence band and the
conduction band, the so called interband polarization. We may expect
that also this polarization couples to the light field in a similar way and
indeed the description is very much the same despite marginal differ-
ences.

7.6 Inhomogeneities
Inhomogeneities arise where material properties change abruptly. This
may be the interface region between two materials or even surfaces. We
also count lattice defects for these inhomogeneities. Those are of rather
localized character and often randomly distributed. The dimensionality
of such inhomogeneities is lower than that of the 3D bulk system. In fact
an interface is 2D and an impurity even 0D point-like. Nevertheless these
low dimensional objects indeed have influence on the bulk behavior of all
phenomena and quasi particles treated up to now. Moreover, some of
them might even be described by the quasi-particle formalism in lower
dimensions, e.g., surface phonons.

Figure 7.11.  Polariton dispersion 
relation showing upper and lower 
branch.

ω

k

ω0 χ+
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7.6.1 Lattice Defects
Suppose that at specific lattice sites  there might be a different atom
sitting, an atom missing, or even a built in distortion of the lattice be
present. This will lead to the fact that the periodic potential of the crystal
lattice that the electrons suffer  will be different from the
unperturbed periodic potential . Let us define the deviation

. The additional potential that
enters the Schrödinger equation as a perturbation is built by the sum over
all impurity sites j. So the transition matrix element between two Bloch
waves as defined in (3.92) will yield

(7.97)

where  and  denote the different bands of the electronic states and 
and  their respective wavevectors.

Let us assume that the impurities are distributed statistically so that we
can identify an impurity density, i.e.

(7.98)

where in (7.98) the averaged sum over j counts all the impurity sites and
the sum over i counts all the lattice sites. For a periodic perturbation
potential thus the wavevector is a “good” quantum number, i.e., k will be
preserved in this scattering, at least in lowest order perturbation theory.
Therefore, we have , where the superscript (0) indi-
cates the lowest order approximation. Inside a band nothing will change
due to that. This only affects interband scattering of electron.

We take a quick look at terms of higher order, i.e., averages of the form
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(7.99)

where we inserted the deviation from the spatial average .
Suppose that there are no correlations between the single lattice site
impurities, i.e., the second term on the r.h.s. of (7.99) vanishes. For a sec-
ond order perturbation contribution thus we will obtain

(7.100)

This means that the transition matrix element that enters the Fermi
golden rule will yield changes in the wavevector of the final state after
scattering only due to higher order terms and thus ionized impurity scat-
tering is of importance only when the second order term is strong
enough. This is the case at low temperatures where the overall impor-
tance of the phonon scattering is decreased.

We saw that this effect is due to 0D inhomogeneities and in the end is
reduced to a bulk effect. Therefore, it is not as promised above a real
lower dimensional effect.

7.6.2 Scattering Near Interfaces (Surface Roughness,
Electrons near interfaces do behave like 2D systems at small enough
energies. Imagine an n-doped semiconductor-oxide interface. Similar to
the metal semiconductor contact to be described in Section 7.6.5 at the
interface the conduction band bends down due to an applied electrostatic
potential and therefore gives rise to a potential hole for the electrons on
the silicon side, so that localized states form at the interface where the
electron density is increased (see Figure 7.12).

Let us assume that the wavefunction at the interface may be described as
a product of two functions , a plane wave
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parallel to the interface and an envelope function in the z-direction per-
pendicular to the interface. Here  denotes the wavevector parallel to the
interface and n denotes the quantum number due to the quantizing elec-
tronic confinement in the z-direction. The perturbing potential arises
from the fact that these interfaces never are perfectly flat but rather vary
along the interface. We say that there is a finite roughness present. Fol-
lowing [7.20] a random variation of the interface position gives rise to a
random fluctuation of the surface potential. Assume that the roughness
may be described by a random displacement , where  is the posi-
tion vector parallel to the interface. The fluctuation of the surface poten-
tial may thus be expanded in terms of the displacement, to give

Figure 7.12.  Electron densities according to calculated wavefunctions at the oxide-semi-
conductor interface. Here in the special situation of a Silicon-oxide interface with n-dop-
ing and different voltages applied at the outer part of the oxide with respect to the bulk 
silicon potential, as indicated.
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(7.101)

where  denotes the electric field perpendicular to the interface. We
denote the Fourier transform of  by . The respective scattering
matrix element is then expressed by

(7.102)

In (7.102) the wavefunction is assumed to have its envelope 
sharply peaked at the interface, which is true the higher the oxide poten-
tial is chosen (see Figure 7.12). And thus the integral that was abbrevi-
ated by  can be taken as the value of the electric field at the interface

.

The only parameter unknown to this description is the form of . In
[7.20] the assumption is made that the roughness is statistically distrib-
uted with a Gaussian positional correlation function, i.e., the following
average given

(7.103)

where  is the root mean square height of the roughness and  its corre-
lation length. This may be Fourier transformed in order to yield an
expression for .  and  must be measured for the individual tech-
nological process and thus are due to fabrication. It is clear that at high
carrier densities in the channel of a MOS transistor the Si-SiO2 interface
layer quality is crucial for the carrier mobility in this zone of the device,
since an increased roughness makes the additional scattering mechanism
(7.102) very efficient and thus reduces the carrier mobility.
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7.6.3 Phonons at Surfaces

Surface 
Lattice 
Dispersion 
Relation

We consider a 1D lattice with a basis, as we did in Section 2.4., with the
important difference that we seek solutions that only exist at the surface
of the now semi-infinite chain, see Figure 7.13. A natural way to intro-

duce this is to look for real solutions that decay exponentially away from
the surface [7.13]. This is achieved by introducing a complex wave vec-
tor into the wave ansatz

Figure 7.13. Phonon dispersion surface for a 1D surface-terminated uniform lattice with 
a basis. The upper inset shows the idealized model for the lattice, the lower inset shows 
the characteristic edges of the dispersion curve. The model is based on a complex wave-
vector .
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(7.104a)

(7.104b)

so that the solutions become

(7.105)

With the identity

(7.106)

we find a condition for real 

(7.107)

Clearly, setting  gives the result for a bulk lattice. For , we
must have that , . Thus the solution
becomes

(7.108)

as long as  is real. This condition is not fulfilled everywhere. In partic-
ular, at some value  for  the frequency becomes

(7.109)

beyond which no frequency is defined. This is clearly seen on the disper-
sion “surface” of Figure 7.13. In the range  we observe a
completely filled band between the acoustic and optical branch of the dis-
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persion surface. Thus this rather simple idealization of the crystal surface
qualitatively reproduces the features of surface phonons, namely

• Exponential amplitude decay into the depth of the crystal, and

• A range of allowed phonon frequencies terminated by the optical and
acoustical branches of the dispersion diagram.

Surface 
Acoustic 
Waves (SAW)

We now consider what happens when an acoustic wave in a solid travels
close to the surface in the long wavelength limit. Recall that the wave
equation for a 3D solid is

(7.110)

which, together with the elastic constitutive equation for a crystal with
cubic symmetry and the strain-displacement relation

(7.111a)

(7.111b)

results in the wave equations for the displacement field

(7.112a)

(7.112b)
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(7.112c)

The surface of a material can be used to serve as a mechanical wave
guide, and work in much the same way as optical wave guides do. Four
geometrical configurations, shown in Figure 7.14, characterize the very
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Figure 7.14.  Four basic planar surface acoustic waveguide configurations and their 
wave types. a) Thin mechanical plate: Lamb waves. b) Thin film on top of an elastic half-
space: Love waves. c) Mechanical homogeneous beam: Flexural waves. d) Homogeneous 
elastic half space: Raleigh waves.
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different types of waves that we can effectively guide. Some of these sur-
face waves have special names:

• Beams: Flexural waves. (Daniel Bernoulli, 08/02/1700–17/03/1782,
Leonard Euler, 15/04/1707–1783, and Stephen P. Timoshenko, 22/12/
1878–29/05/1972).

• Homogeneous half-space: Rayleigh waves (John William Strutt Lord
Rayleigh, 12/11/1842–30/06/1919).

• Plates: Lamb waves (Horace Lamb, 29/11/1849–4/11/1934).

• Thin layer on an elastic half-space: Love waves (Augustus Edward
Hough Love, 17/04/1863–5/06/1940).

The basic analysis technique is to first make a unique decomposition of
the displacement field into two parts . One component is
divergence-free and the other is rotation-free. Because of this separation,
we can assume the existence of a scalar potential  and a vector potential

 (as we did for the electrodynamic potentials  and ), and hence
obtain the unique decomposition

(7.113)

Elasticity for 
Raleigh and 
Lamb Waves

The analysis is greatly simplified for the Lamb and Raleigh waves if we
choose the direction of propagation parallel to a coordinate axis, here the
x-axis. In addition, we assume no dependence of  on the y-direction
(for the plate this means a plane strain assumption), so that

 and hence

(7.114)

From elasticity, we recall that the “small” strain is defined component-
wise as

(7.115)
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so that we can write that

(7.116a)

(7.116b)

(7.116c)

(7.116d)

We can write the stress as  in tensor notation or use the more
compact Voight engineering notation. For silicon, which possesses cubic
crystal symmetry,

(7.117a)

(7.117b)

Substituting (7.116a)-(7.116d) into (7.117a) gives
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(7.118)

Elasticity for 
Love Waves

We know that Love waves (through hindsight!) are pure shear waves in
the plane of the surface of the solid, so that we choose a displacement
according to

(7.119)

In this case we do not need a scalar and vector potential, since the strain
is now

(7.120)

which clearly is a pure shear deformation. The stress is

(7.121)

We see that for Raleigh and Lamb waves, two of six stress components in
silicon are zero if the displacement occurs in a plane, and in the Love
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The proportionality constants of these two squared displacement terms
reflect the resistance of the beam to deflection:

•  is the Young modulus of the beam material times the sec-
ond moment of area (often called the area moment of inertia) of the
beam cross section about the axis of bending rotation. Hence this
term mixes geometrical shape and material composition, and tells us
that prudent choice of shape can more than compensate for a weak
material. Recall that we often cannot freely choose materials, due to
production constraints, but often can design shapes with considerably
more freedom;

•  is a correction factor that accounts for the non-uniformity of
the actual strain over the beam cross section [7.5].

The stored kinetic coenergy is a sum of linear and angular momentum
stores

Figure 7.15. The deformation of a differential beam element is generated by a bending 
deformation and by a shear deformation. Pure bending deformation is generated by a 
bending moment across the differential element, and a pure shear deformation by a shear 
force across the element.
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(7.124)

The proportionality constants of these two squared velocity terms reflect
the resistance of the beam to movement:

•  is the mass per unit length of the beam material and
represents the sluggishness or linear inertia of the beam material to
being accelerated. The beam has a cross sectional area  and a volu-
metric mass density ;

•  is the second moment of mass or mass moment of
inertia of the beam material and represents the sluggishness or inertia
of the beam cross section to angular acceleration. The radius of gyra-
tion  represents that radius that would give the same moment of
inertia, were all the mass of the cross section concentrated along a cir-
cular line. Again, since the geometry enters this term in a squared
sense, we can circumvent the constraints of material through prudent
geometrical design.

From the Hamilton principle (Box 2.3) for the variation of the action

(7.125)

we obtain the two partial differential equations of motion [7.5]

(7.126a)

(7.126b)
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Equation (7.126a) is subject to either:

• a Dirichlet boundary condition where , i.e., the bending angle
is fixed at either end of the segment;

• a Neumann boundary condition with an applied moment so that the
angular gradient of bending at either end of the segment becomes

 for an applied concentrated moment .

Similarly, (7.126b) is subject to either of:

• a Dirichlet boundary condition where , i.e., the deflection is
fixed at either end of the segment;

• a Neumann boundary condition with an applied moment so that the
net deflection gradient at either end of the segment becomes

 for a concentrated force .

When the beam cross section is uniform, then the geometrical and mate-
rial quantities , , ,  and  become independent of the coordi-
nate  along the beam. Eliminating the bending angle  from (7.126a)
and (7.126b) in favour of  (by taking the derivative of the first equation
w.r.t. , using the second to define , and assuming that ), we
obtain the classical Timoshenko beam expression

(7.127)

We take a harmonic displacement assumption
 which will be correct for the vibrational

modes. The geometrical mode factor  remains undetermined for the
following calculation. In general we can then write that

(7.128)
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and hence (7.127) becomes

(7.129)

We next divide throughout by  and make use of  and the
bulk wave speed . Also note that  and set

. This yields

(7.130)

We are interested in the real roots of this equation, which yield the dis-
persion curves  of the Timoshenko beam.

Raleigh 
Waves

Rayleigh waves are harmonic in the plane of the surface of the solid, and
decay exponentially into the depth of the material. A convenient ansatz
for the displacement (see Figure 7.16) is

(7.131a)

(7.131b)
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Figure 7.16. A surface acoustic 
Raleigh wave is represented by a 
harmonic amplitude function that 
decays exponentially along the z-
direction away from the surface 
into the solid. The harmonic part 
of the amplitude strength is plotted 
as a surface in the vertical direc-
tion over the xz-plane.
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where  and  lie in the plane of the surface. The derivatives w.r.t.
time and space coordinates are

(7.132a)

(7.132b)

(7.132c)

(7.132d)

(7.132e)

(7.132f)

(7.132g)

since we assume no dependence of the motion on the y-direction.

Lamb Waves 
in Mindlin 
Plates

Plates are idealizations used when a geometrical object is flat and very
much thinner than its other dimensions. In this case we can conveniently
describe the geometry using two coordinates only, say x and y. For the
following formulation we closely follow [7.5]. We define the averaged
plate stresses (or bending moments and shear forces) by

(7.133a)

(7.133b)
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if we assume that the plate lies symmetrically about its neutral axis and
placed at . In order to preserve a simple algebraic structure later
on, we define the averaged plate strains by

(7.134a)

(7.134b)

We now join the above relations to obtain the plate-specific constitutive
relation for an isotropic material, namely

(7.135a)

(7.135b)

(7.135c)

and

(7.136a)

(7.136b)

where the plate stiffness is  and the modified
shear stiffness is .

The first z moment of the first two mechanical equations of motion, rep-
resented by (7.110), with the third equation of motion combine to give
the plate equations of motion

(7.137a)

(7.137b)

z 0=

εxx εyy εxy, ,{ }
12

h3
------ 

  εxx εyy εxy, ,{ }z zdt
2
---–

t
2
---

∫=

εxz εyz,{ }
2
h
--- 

  εxz εyz,{ } zdt
2
---–

t
2
---

∫=

Mxx D εxx νεyy+( )=

Myy D εyy νεxx+( )=

Mxy 1 ν–( )Dεxy=

Qxz µ′hRxz=

Qyz µ′hRyz=

D Eh3 12 1 ν2–( )( )⁄=
µ′ kMµ=

∂Mxx

∂x
------------

∂Mxy

∂y
------------ Qxz–+ ρ u̇̇xz zdt

2
---–

t
2
---

∫=

∂Mxy

∂x
------------

∂Myy

∂y
------------ Qyz–+ ρ u̇̇yz zdt

2
---–

t
2
---

∫=



Interacting Subsystems

298 Semiconductors for Micro and Nanosystem Technology

(7.137c)

Next we make the Mindlin-specific assumption about the deformation
through the thickness of the plate, namely that

, (7.138)

i.e., we assume that the entire 3D deformation field can be described by
the three averaged deformation values ,  and  defined only in
the plane of the plate, and that variation of the lateral deflection (in the x-
and y-directions) depends linearly on the distance from this “neutral”
plane of the plate. Inserting this assumption and the plate constitutive
relations (7.135a)–(7.136b) into (7.137a)–(7.137b) give the isotropic
plate equations of motion

(7.139a)

(7.139b)

(7.139c)

Love Waves By placing a thin material layer such as silicon dioxide or silicon nitride
on a semi-infinite half-space made of silicon (or thick enough so that the
theory applies) we form a waveguide for the surface waves. In fact, many
of the mathematical techniques used for optical waveguides are applica-
ble here as well. To keep this section as short as possible, we only con-
sider one layer on top of the half space, even though practical situations
may involve more layers [7.5], [7.6]. We number the substrate as 
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and the thin upper layer of thickness  as . In each material the
wave equation holds

(7.140)

We assume here that the wave travels in the x-direction, that z points into
the depth of the half-space, and (through hindsight!) that we only have
transverse vibrations. Showing that this is so requires more space than
available. On the free surface of the layer we have zero traction, hence

(7.141)

Between the thin layer and the half-space we require displacement conti-
nuity, hence

(7.142)

In addition, we also require that the stress field is continuous at this point,
so that

(7.143)

The wave is assumed to have a shape  in the z-direction that travels
in the x-direction, so that we make the following ansatz for the displace-
ment

(7.144)

which we insert into (7.140) to obtain

(7.145a)

d i 2=

∇2uyi
1

cβi
------

∂2uyi

∂t2
------------– 0= i 1 2,=

∂uy2

∂z
----------

z d–=
0=

uy2 z 0=
uy1 z 0=

=

ρ2cβ2
2 ∂uy2

∂z
----------

z 0=
ρ1cβ1

2 ∂uy1

∂z
----------

z 0=
=

f z( )

uyi f i z( ) ωt klx–( )exp= i 1 2,=

∂2 f 1 z( )

∂z2
------------------ klβ( )2 f 1 z( )– 0= β

cl

cβ2
------- 

 
2

1–=



Interacting Subsystems

300 Semiconductors for Micro and Nanosystem Technology

(7.145b)

with . Candidate functions that satisfy these conditions are

(7.146a)

(7.146b)

We now use the boundary conditions to determine the constants , ,
 and . In the limit as  we must have that , so that

. From the displacement continuity at  we obtain that

(7.147)

and from the stress continuity at  we obtain that

(7.148)

Combining the terms we obtain the following solution structure

(7.149a)

(7.149b)

The zero traction boundary condition at the top surface finally gives us
the speed conditions for a general solution, i.e.,

(7.150)

7.6.4 The PN Junction
The technologically most important PN junctions are formed through
doping a semiconductor with two types of impurity atoms, called the
donor and acceptor atoms. For example, a uniformly doped silicon sub-
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strate, e.g., with the donor arsenic (As), is subsequently doped with the
acceptor boron (B), in select regions, to form PN junctions. We will not
concern ourselves with the fabrication methods of PN junctions, but it is
important to note that they have a strong influence on the spatial distribu-
tion of foreign ions in the silicon lattice. More important for the analysis
here is the level of doping. It is technologically possible to vary the con-
centration level of foreign dopants in the range atoms per
cubic meter; typical values, however, are  dopant atoms per
cubic meter. The 1D doping profile for a typical PN junction is shown in
Figure 7.17.

1020 1026–
1021 1024–

Figure 7.17. Seven related quantities for a one-dimensional PN junction: the electrostatic 
potential , the energy band diagram , the charge density , the electric field , the 
net impurity doping  and the carrier concentrations shown for the electrons 

 and holes . The quantities are displayed in pairs of plots. The horizontal axis of each 
left-hand plot is over the diode’s full length of . The gray stripe corresponds to the 
plot on the immediate right, which provides more detail in the region of the space-charge 
layer (SCL). The curves were computed using the author’s 1D device simulation program.
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Unbiased 
Junction

For an unbiased junction, we expect charge neutrality at distances far
from the junction where the potential is constant, i.e., where .
This can be expressed as

(7.151)

i.e., the sum of the number of holes and ionized donors (the positive
charges in the crystal) must equal the sum of the number of electrons and
ionized acceptors. The ionization is governed by fermion statistics, which
leads us to write (7.151) as

(7.152a)

where  and (7.153a)

This equation is nonlinear in  and must be solved graphically (see
Figure 7.18) or numerically. Also note that  is measured here from the
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edge of the valence band. Once we have obtained either the Fermi level
or the potential in the device, we can easily compute the other quantities
required for the band diagram, as was done for Figure 7.17.

At the 
Junction

We now zoom in on the junction, see Figure 7.19, which is where all the

“action” is. Because the Fermi level is constant in a material, a basic con-
sequence of thermodynamics, but removed from the band-gap center in
doped materials, the PN junction causes a transition in the energy level of
the band edge as we move from one side to the other. This energy “jump”
is associated with an electrostatic potential “jump”, which we call the
built-in potential.

Carriers on the two sides of the junction experience large concentration
gradients and hence a diffusion driving force. Hence, in Figure 7.19,
electrons move from the right to the left, and holes from left to right,
leaving the vicinity devoid of free charges, hence the space-charge
region. The resulting positive region on the right and negative region on
the left of Figure 7.19 form a double-layer of charges and hence a
“hump” in electric field pointing from right to left. It is this electric field
that eventually causes the diffusion process to stop, for it acts on the
charges as a drift-like driving force opposing the diffusion current. An

Figure 7.19. The labeled band 
diagram at the junction of the 
diode. The vertical axis is the 
energy, the horizontal axis is dis-
tance along the diode. The shaded 
region marks the space-charge 
layer (SCL) that forms around the 
junction. The junction results in a 
built-in potential at thermody-
namic equilibrium.
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electrically disconnected diode is in a delicate dynamic equilibrium.
Here we can use the value of the Fermi energy predicted by (7.152a) only
as a reasonable starting value with which to iterate

(7.154)

For reasonably doped (non-degenerate) diodes, i.e., where the Fermi
level is not closer than  to either band edge, we can use Boltzmann
statistics, giving

(7.155a)

Otherwise the doping is degenerate, and we have to use Fermi statistics,
so that (7.154) becomes

(7.155b)

where  is the Fermi integral of
order . We again have obtained an equation nonlinear in the energy,
but now it also is spatially coupled.

For 1D junctions (7.155a) can be solved numerically in a straightforward
manner, as shown in Figure 7.17. Many of the features of these plots,
however, can be obtained through assumptions that greatly simplify the
calculations. Two models are in use:

• If we assume that the doping profile is abrupt, and that the space-
charge has a piece-wise constant profile (often called a top-hat func-
tion). The value of the space charge density is  on the P side and

 on the N side of the junction. In this case the electric field in the
SCL is a piece-wise linear “hat” function, and the potential is piece-
wise quadratic.
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• If we assume that the doping profile at the junction within the SCL is
linear, which is in fact quite reasonable, then the space-charge is also
linear, making the electric field quadratic and the electric potential a
piece-wise cubic function within the profile.

Abrupt 
Junction 
Built-in 
Potential

From the abrupt junction model we can quickly estimate the width of the
SCL and the value of the built-in potential. From the relation for the
majority carrier concentrations on each side of the junction, i.e.,

P-type material  or (7.156a)

N-type material  or (7.156b)

we obtain, by adding, the total energy drop over the junction and hence
the built-in potential

(7.157)

and hence

(7.158)

The relation can be simplified by making use of the fact that, at distances
removed from the junction, where charge neutrality is simply enforced as
shown in Figure 7.17, the number of carriers exactly equal the numbers
of ionized impurities, i.e., in the N region  and in the P region

, so that we may write that

(7.159)
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Abrupt 
Junction 
Space Charge 
Layer Width

We expect the junction as a whole also to be charge neutral. From
Figure 7.17 we see that the space charge is negative on the P side and
positive on the N side. For an abrupt profile model, the space charge has a
constant negative value over the entire P depletion region and a constant
positive value over the entire N depletion region, so that for overall
charge neutrality we require that

(7.160)

that is, the density of negative space charge on the left of the junction in
the P region times the left width equals the density of positive space
charge to the right of the junction in the N region times the right width. In
general, the depletion width is

(7.161)

Hence both widths are to be determined, which means that we need an
additional equation. This is provided by the Poisson equation (7.154)
applied to the depletion region only. We already know the voltage drop
over the depletion region, the built-in voltage . Therefore, it is pru-
dent to integrate the 1D Poisson equation over the depletion region, to
obtain the voltage drop

(7.162)

Due to the simple form of the SCL, we then obtain, after integration, that

(7.163)

Using (7.160) to eliminate one of the variables from (7.163), solving the
resultant quadratic equation and then back substituting this value into
(7.160) for the other variable, we obtain that
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(7.164a)

(7.164b)

As an example we calculate parameters for the simple diode of
Figure 7.17, where  and . For this case,
the relations (7.159) and predict a built-in potential of Volt
and a depletion width of . The numerical prediction, based
on a self-consistent solution of (7.154), gives  and

. The differing accuracy is reasonable, since the built-in
voltage depends on the amount of charge in the depletion region, whereas
the width of the depletion region is more sensitive to the exact distribu-
tion of charge, which we see from Figure 7.17 is more spread out than
the abrupt model assumes. More accuracy can be achieved by assuming a
linear variation of doping and hence of space charge across the junction,
which Figure 7.17 confirms to be closer to reality. In this case we do not
repeat the calculations, but just state the results

(7.165a)

(7.165b)

The two equations are nonlinearly interdependent, and can be solved
graphically, numerically, but most often the values are presented on con-
venient plots for a range of reasonable values of the doping.

Currents In thermal equilibrium the current through the diode is a delicate balance
of motion motivated by the electrostatic force on carriers , which we
term the drift current, and motion from a higher to a lower concentration
gradient and thus proportional to  and , which we call the dif-
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fusion current, to give a net current of zero. Thus the following current
relations hold in thermal equilibrium

(7.166a)

(7.166b)

(7.166c)

Biased 
Junction

When the thermally equilibrated junction is biased, i.e., a voltage is
applied across the junction, it either adds to or subtracts from the built-in
voltage. This has the effect of either raising or lowering the band edges
on one side of the junction w.r.t. the other:

• When the band edges on the N side of the junction are lowered w.r.t
the P side, we say that the junction is reverse biased; calculations sug-
gest that a small limiting leakage current, due mainly to drift, flows
through the diode for all reverse bias voltages. In this mode the diode
appears to have a very high series resistance.

• When the band edges on the N side of the junction are raised w.r.t the
P side, we say that the junction is forward biased; calculations sug-
gest that the current through the diode, now mainly due to diffusion,
grows as an exponential function of the forward bias voltage. In this
mode the diode appears to have a very low series resistance.

It is the above asymmetry makes the PN-junction diode so very useful
technologically, because, used alone and even better in pairs, these
diodes can be used to rectify the current flow through a particular circuit
branch, as illustrated in Figure 7.20. To simplify the bookkeeping, we
now introduce further notation. Since the diode has a P and an N doped
side, and in the vicinity of the junction we expect to find both holes and
electrons on both sides, we will term the P side holes  and the N side
electrons  the majority carriers, and the P side electrons  and the N
side holes  the minority carriers. The derivation is straightforward
[7.16] if we remember the following:

j jn jp+ jn Drift, jn Diff,+( ) jp Drift, jp Diff,+( )+ 0= = =

jn jn Drift, jn Diff,+ 0= = jp jp Drift, jp Diff,+ 0= =

jn qµnnE qDn n∇+ 0= = jp qµp pE qDp p∇– 0= =

pp

nn np

pn
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• In the bulk regions, the electric field is essentially constant. Clearly
this is true for the step and linearly-graded junction, but it is also
largely true for other doping profiles, as long as the bulk region is uni-
formly doped, for example for the profile of Figure 7.17. For 1D
steady state in the bulk semiconductor regions, with vanishing drift
field and no generation of carriers, current continuity requires that

(7.167a)

(7.167b)

(7.167c)

(7.167d)

The recombination terms  are simple lifetime terms.

• The current at all points in the device is constant. From this we can
derive separate expressions for the bulk and depletion regions. In the

Figure 7.20. The diode is a pure PN-junction device with the symbol convention shown on 
the left. In the simplest of circuit arrangements, an alternating voltage (an AC signal) 
applied to the diode results in a rectified current, i.e., the full current can only flow from 
right to left when the left N terminal is at a more positive voltage than the right P termi-
nal. By placing two diodes in parallel, but aligned in opposite directions, we can achieve 
full rectification of the current. Such pairs are used to generate a direct current (DC) from 
an alternating current. Many more sophisticated circuit arrangements exist.
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bulk the sum of majority and minority currents of one type add up to
the total current so that in general

(7.168a)

In the depletion region, since we will assume no carrier recombina-
tion here, the minority carrier densities add up to give the total current
so that

(7.168b)

• We obtain closure of the relations by obtaining the carrier concentra-
tions and their slopes at the edges of the depletion region. These four
values become boundary conditions for the above expressions. We
obtain an expression for the electric field by considering the drift-dif-
fusion equation in the depletion region together with the Einstein
relation

(7.169a)

(7.169b)

Since the voltage drop over the depletion region is simply minus the
integral of the electric field, we obtain

(7.170)

In thermal equilibrium, where , we have from (7.158)

that

(7.171)

which can be combined with (7.170) to give
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(7.172)

so that we may write that

(7.173)

By a completely analogous route we obtain a similar expression for
the holes

(7.174)

We now solve (7.167a)-(7.167d) in both bulk regions, taking the origin at
the junction

(7.175a)

(7.175b)

It is usual to write  and , the minority carrier
diffusion lengths for holes and electrons. We insert (7.175a) and (7.175b)
into the expressions for the minority currents at the depletion edges,
since these hold throughout the depletion region

(7.176a)

(7.176b)
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Adding these two expressions together yields the Shockley ideal diode
equation

(7.177)

where the reverse saturation current density is
. Equation (7.177) is plotted in

Figure 7.21.

Junction 
Capacitance

The space-charge region, with its separated positive and negative
charges, represents a nonlinear capacitor, i.e., a capacitance dependent on
the applied voltage. In general, the nonlinear capacitance is defined as

, i.e., the differential change in charge  that would result
for a differential change in voltage . The total negative charge in the
space-charge region, per unit abrupt junction length, is:

(7.178)

The derivative of the charge w.r.t. the applied voltage gives
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Figure 7.21. The shape of the 
Shockley ideal diode equation, 
(7.177), showing the reverse satu-
ration current density .J0
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(7.179)

for the abrupt junction.

7.6.5 Metal-Semiconductor Contacts
In order to electrically interface the semiconductor devices to circuitry in
the outside world, we have to connect metallic wires to its surface. Typi-
cally, metal pads are deposited onto the semiconductor surface at posi-
tions where the doping has been increased to ensure that good electrical
contact is made. Bonding wires are then attached to the metal pads to
connect them to the metal pins of the chip package. The whole geometri-
cal arrangement is illustrated in Figure 7.22. As we will soon see, the

metal pads can be operated both as good ohmic contacts to the semicon-
ductor surface, as well as to create a high-speed diode. In a third applica-
tion, metal contacts can be used to characterize the underlying
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Figure 7.22. Schematic and scanning electron micrograph (SEM) of the geometry at a 
semiconductor-metal contact pad. SEM © ESEC AG, Cham [7.21].
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semiconductor surface and extract parameters such as the doping concen-
tration.

Work 
Function

An electron taken from an infinitely removed position in vacuum towards
a clean metallic surface that is at the Fermi potential of the ensemble of
metallic valence electrons, needs to pass through a potential, called the
work function , that is a fundamental property of the metal. It is sim-
ply equal to the work required to move an electron from the Fermi level
to an energy level where it is free from the crystal. The Fermi surface of
the metal represents a “sea” of non-localized valence electrons that are
available for conduction, unhampered by a forbidden bandgap. Typical
values of metallic work functions are , 
and .

The band diagram of a metal is shown in Figure 7.23. One consequence

of the metal’s band structure is that it represents an effectively unlimited
source of conduction electrons, so that its Fermi surface does not deform
noticeably in response to applied potentials. Hence we often treat metal
contacts as being at a single electrostatic potential. Clearly this assump-
tion only holds as long as we consider phenomena that are slow w.r.t.

ΦM

ΦAl 4.25eV= ΦW 4.5eV=
ΦPt 5.3eV=

Figure 7.23. Band structure of a 
metal as a function of position. 
The vertical direction corresponds 
to energy, and the horizontal 
direction to position.

EFM

V o

Metal Vacuum

ΦM



Inhomogeneities

Semiconductors for Micro and Nanosystem Technology 315

metallic relaxation times. If we bring the electron close to the metallic
surface, we notice an interesting effect.

Image Charge 
and Image 
Potential

The electron induces an equal but opposite charge on the metal’s surface,
and the interaction of the electron with its image charge becomes appre-
ciable close to the metal’s surface. At infinity, the electron experiences
the vacuum potential, so that . Closer to the surface, the
electron experiences a potential that varies as [7.15]

, (7.180)

where  represents the position of the image charge, and is often called
the image plane. The potential of (7.180) approaches a value of minus
infinity close to the metal’s surface, and conflicts with experimental
results. In fact, there is no unique information of the potential close to the
surface. The following model fits experimental data better [7.15]

, (7.181a)

, (7.181b)

(7.181c)

and is plotted in Figure 7.24. Here the value  represents a cut-off dis-
tance that represents the lower limit of the image force that the electron
experiences. The image potential is very important in characterizing bar-
rier heights at real metal-semiconductor junctions (see right-hand side
plot in Figure 7.24).

Electron 
Affinity

Imagine now a clean metallic surface and a clean semiconductor surface,
infinitely removed, in vacuum. The Fermi level of the metal lies at 
below the vacuum level . The semiconductor’s conduction band edge
lies at a level  below the vacuum level . The electron affinity  is a
fundamental property of the semiconductor, for example .
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The position of the semiconductor’s Fermi level w.r.t. the conduction
band edge is defined by the impurity doming level. We can write the fol-
lowing equation for the work function  of the semiconductor [7.16]

(7.182)

We now slowly bring the two materials into contact, and as they
approach, their Fermi potentials will adjust to keep the combined system
at thermodynamic equilibrium, see Figure 7.25. Since in general

, the band of the semiconductor will bend in the vicinity of the
junction so as to keep its Fermi level aligned with the metal’s Fermi level.
In other words, the metal-semiconductor junction forms a one-sided
junction that looks like a  junction. Depending on the choice of
metal and the doping in the semiconductor, we can achieve either an
ohmic contact with the semiconductor, or a diode that is usually referred
to as a Schottky contact or Schottky barrier in honour of its inventor. If a

Figure 7.24.  The left-hand curve shows the image potential  plotted vs. distance as 
measured from a metallic surface. The potential models an electron approaching the 
metallic surface. The insert expands the left gray area horizontally and shows the cutoff 
distance with a white line. To the left of the cutoff we assume a linear potential rise. To the 
right of the cutoff  we assume a Coulomb interaction of the electron with its positive 
image charge. The right-hand plot shows the effect of a linearly varying vacuum potential 
due to a constant imposed electric field, and  is indicative of the Schottky effect, a 
reduction of an energy barrier due to an electron’s image charge.
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slab of doped semiconductor is metallized on both free ends, we can
expect an equilibrium electrostatic state for Shottky contacts as depicted
in Figure 7.26.

Ohmic 
Contact

Ohmic contacts, i.e., contacts that have a very small potential drop and
hence a low contact resistance, are very important for the formation of
general semiconductor circuits. To form closed circuits, we use the metal
of the fabrication process to define interconnect wiring. Clearly, since we
expect to have many contacts in series, it is of utmost importance that the
contact resistance be minimal. Because of the small difference between
the electron affinity of silicon and the work function of aluminium, i.e.,

, we can control the nature of the contact between
these two materials using only the doping level in the silicon. Hence this
material system is very popular for CMOS and Bipolar processes. We
now consider two cases [7.16].

Tunneling 
Ohmic 
Contact

• The tunneling ohmic contact is formed due to the fact that, with a
highly-doped n-type semiconductor substrate, the deformed band
edge permits permanent tunneling of electrons from the metal into
and out of the semiconductor, see Figure 7.27a. For tunneling to hap-
pen, we must have that . This is achieved by raising the
Fermi level of the semiconductor towards the conduction band edge
through degenerate  doping. For silicon this means donor doping

Figure 7.25. Three steps in bringing a metal and a semiconductor together. Notice how 
the band of the semiconductor is curved in order that the Fermi level of the joined metal 
and semiconductor can remain constant throughout.
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levels of around . In this way we achieve a large positive
built-in potential just as for a semiconductor PN-junction. The built-in
potential is computed as [7.16]

(7.183)

The barrier potential  is simply the difference between the two

material work functions [7.16]

(7.184)

and hence is independent of the doping levels. The shape of the band
at the junction forms a sharp point, see Figure 7.28, and in reality is

Figure 7.26. Six related quantities for a one-dimensional slab of homogeneously-doped 
semiconductor with metallic Schottky contacts: the electrostatic potential , the energy 
band diagram , the charge density , the electric field , the carrier concentrations of 
electrons  and holes . The quantities are displayed in pairs of plots. The horizontal 
axis of each left-hand plot is over the semiconductor slab’s full length of . The gray 
stripe corresponds to the space-charge layer (SCL) in the semiconductor and directly 
adjacent to the metal. The curves were computed using a custom 1D device simulation 
program.
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somewhat lower than our calculations indicate. The most important
reason for its lowering is the image charge potential, (7.181a)-
(7.181c), which we have to subtract from the energy diagram on the
semiconductor side [7.17]. This correction was first considered by
Schottky, and hence is called Schottky barrier lowering. Since the

Figure 7.27. Computed curves for ohmic metal-semiconductor contacts. a) Tunneling 
junction. An n+ layer directly adjacent to the metal ensures a sharp gradient in the band, 
creating the characteristic narrow barrier through which carriers can tunnel. b) Low 
work-function metal contact. Carriers experience no barrier and can easily cross the 
metal-semiconductor junction.

Figure 7.28. Detail of the barrier 
of the tunnel junction of 
Figure 7.27a. The choice of metal 
work function and impurity doping 
profile forces the conduction band 
of the semiconductor to lie below 
the metal’s Fermi level, but behind 
a narrow barrier. Electrons can 
tunnel through this barrier, after 
which the field accelerates them 
away.
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tunneling current through the barrier is exponential in the barrier
height, this correction is important. Another important effect is the
presence of surface defects [7.17]. In fact, we find many additional
“disturbances” at the band edges, mainly due to impurity states and
surface reconstruction states, all of which contribute to modify the
curvature of the band and height of the barrier at the metal-semicon-
ductor interface. We will not consider these modifications here, but
refer the reader to [7.17].

Metal-like 
Ohmic 
Contact

• We can also form an ohmic contact with a metal-like semiconductor,
where  for an n-type semiconductor, see Figure 7.27b. This
is achieved by adjusting the doping level to moderate levels so that
the built-in potential is negative. In this case the electrons in the semi-
conductor experience no barrier towards the metal and can flow
freely. In turn the correct choice of metal can significantly reduce the
barrier height and hence permit metal electrons to easily enter the
semiconductor states. In this case the built-in voltage is negative

(7.185)

Schottky 
Barrier

The Schottky contact can be considered to be a diode, and is often used
as a rectifier. Its switching speed is much higher than that of a semicon-
ductor PN-junction. This is because:

• the Schottky barrier has very little minority carrier storage, i.e.,

• the main conduction mechanism is via majority carriers, the minority
carriers do not contribute appreciably to the current;

• the metal has a very large supply of majority carriers ready to enter
unoccupied semiconductor states;

• the metal Fermi band edge does not appreciably change when elec-
trons are drained into the semiconductor, due to the extremely short
dielectric relaxation time of the metal;

• the Schottky barrier has almost no diffusion capacitance, so that the
depletion capacitance is almost independent of frequency at normal

ΦS ΦM>

qV bi χ Ec EFM–( ) ΦM–+ 0<=



Inhomogeneities

Semiconductors for Micro and Nanosystem Technology 321

operating frequencies. Here the limitation is the dielectric relaxation
time of the semiconductor.

Biased 
Junction

For the Schottky contact diode, under forward biasing conditions, three
transport mechanisms are identified:

• Conduction band electrons can drop over the potential barrier into the
metal;

• Conduction band electrons can tunnel through the potential barrier
into the metal;

• Recombination can occur between conduction band electrons and
holes that are injected from the metal into the semiconductor. Recom-
bination can take place in the space-charge region, or immediately
adjacent to the space-charge region, also known as the neutral region.

Thermionic 
Emission

The first mechanism above dominates the transport process, and is
explained as thermionic emission of electrons into the metal. We will not
derive the expression, but shortly explain the idea following [7.17]. Con-
duction band electrons that have energies higher than the barrier can be
injected. If we assume that the available electrons have all their energy in
the form of kinetic energy, and an effective mass given by the energy
band shape, then we can convert the electron density expression for the
distribution of electrons from a dependency of energy, i.e.,

 to one of velocity . Now, using
 and a an estimate for the electron distribution,

we obtain the current

(7.186)

where  is called the effective Richardson constant.
For n-type  silicon, , and for n-type  silicon,

.
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In the other direction, from the metal to the semiconductor, there is no
dependence on applied voltage, because all carriers only see the barrier
energy, so that

(7.187)

Summing up (7.186) and (7.187), we obtain the total current flowing
through the junction

(7.188)

where .

Barrier 
Tunneling

To proceed with a theoretical model of the tunnel current, the quantum
transmission coefficient  of electrons, where  measures energy
downward from the tip of the barrier, should be computed using a quan-
tum-mechanical approach, and we find that , for
some datum energy . The current is then proportional to an integral
over the energy height of the barrier, of the products of transmission
coefficient, the occupation probability  of electrons that are available
for tunneling (a Fermi distribution), and the unoccupation probability of
states  that the electrons will tunnel into (another Fermi distribution).
These concepts are clarified by Figure 7.29. As a result of all these terms,
we find that the tunneling current has the following form [7.17]

(7.189)

i.e., it depends exponentially on the root of the impurity concentration.

Parameter 
Extraction

The capacitance of a metal-semiconductor contact depends on both the
built-in potential and the doping level, and can be measured to extract
these values. The depletion capacitance can be modelled by a parallel-
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plate ideal capacitor, with the plate separation equal to the depletion layer
width 

(7.190)

The depletion layer width is the same as for a one-sided PN-junction

(7.191)

We can combine (7.190) and (7.191) to obtain an expression for the
inverse squared capacitance

(7.192)

The trick is to measure the capacitance as a function of the applied volt-
age and to plot the inverse squared capacitance as the applied voltage,
which should be a straight line. On this curve, the zero applied voltage
point will give us the built-in voltage. From the slope of the curve,

, we can recover the value for the average doping
in the space-charge region

Figure 7.29. a) The energy band 
diagram of a tunneling metal-
semiconductor junction and its 
movement under bias. b) Illustra-
tion of the product of an electron 
quantum barrier transmission 
coefficient with the leaving elec-
tron availability distribution and 
the arrival state availability distri-
bution. The shaded region on the 
right represents the electron den-
sity that can tunnel through.

EFM

ΦB

Ec 0( )

Ec V( )

T η( )

FM

η

Ec V–( )

1 FS–( )

a) b)

xn

C
εrε0 A

xn
--------------=

xn
2εrε0

qND
------------- V bi V applied–( )=

1

C2
------

2 V bi V applied–( )

qNDεrε0 A2
--------------------------------------=

a 2 qNDεrε0 A2( )⁄=



Interacting Subsystems

324 Semiconductors for Micro and Nanosystem Technology

(7.193)

In other words, we can use Schottky diodes as a technique with which to
characterize doping profiles, but can only expect good results for uniform
doping at levels where a reasonable space-charge capacitor forms.

7.7 Summary for Chapter 7
In this chapter we have taken a closer look at the interactions that arise
when the three particle systems, phonons, electrons, and photons interact
with each other. The phenomena, or constitutive equations, described
include heat conductivity, dielectric permittivity, piezoresistivity, the
thermoelectric effects, and many more. It was shown that the in-homoge-
neity of a crystal can also lead to useful effects, for example the PN junc-
tion and surface acoustic waveguides. Most effects described in this
chapter have lead to useful microelectronic devices, including solid state
sensors, actuators, lasers and transistors. Most of these devices can be
built using silicon technology.
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